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Abstract: This work is a step towards a non-perturbative continuum definition of quantum
field theory (QFT), beginning with asymptotically free two dimensional non-linear sigma-
models, using recent ideas from mathematics and QFT. The ideas from mathematics are
resurgence theory, the trans-series framework, and Borel-E´calle resummation. The ideas
from QFT use continuity on R1×S1L, i.e, the absence of any phase transition as N → ∞
or rapid-crossovers for finite-N , and the small-L weak coupling limit to render the semi-
classical sector well-defined and calculable. We classify semi-classical configurations with
actions 1/N (kink-instantons), 2/N (bions and bi-kinks), in units where the 2d instanton
action is normalized to one. Perturbation theory possesses the IR-renormalon ambiguity
that arises due to non-Borel summability of the large-orders perturbation series (of Gevrey-1
type), for which a microscopic cancellation mechanism was unknown. This divergence must
be present because the corresponding expansion is on a singular Stokes ray in the complexified
coupling constant plane, and the sum exhibits the Stokes phenomenon crossing the ray. We
show that there is also a non-perturbative ambiguity inherent to certain neutral topological
molecules (neutral bions and bion-anti-bions) in the semiclassical expansion. We find a set
of “confluence equations” that encode the exact cancellation of the two different type of
ambiguities. There exists a resurgent behavior in the semi-classical trans-series analysis of
the QFT, whereby subleading orders of exponential terms mix in a systematic way, canceling
all ambiguities. We show that a new notion of “graded resurgence triangle” is necessary to
capture the path integral approach to resurgence, and that graded resurgence underlies a
potentially rigorous definition of general QFTs. The mass gap and the Θ angle dependence
of vacuum energy are calculated from first principles, and are in accord with large-N and
lattice results.
Keywords: Resurgence, analytic continuation, Borel-E´calle summability, asymptotic ex-
pansions, transseries, Laplace transform, Borel transform, (left and right) Borel resummation,
(non)-perturbative quantum field theory, Gevrey series, semi-classical expansion, topological
defects, kinks, charged bions, (left and right) neutral bions, renormalons, instantons, non-
perturbative continuum definition
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1 General idea of resurgence in QFT
“Series don’t diverge for no reason; it is not a capricious thing. The divergence of
a series must reflect its cause.”
M. V. Berry, Stokes and the Rainbow, Newton Institute Lecture, 2003
This work aims to give a non-perturbative continuum definition of quantum field the-
ory, specifically here for two-dimensional non-linear sigma models, using two recent develop-
ments in mathematics and quantum field theory (QFT). The ideas from mathematics come
from the beautiful and powerful notions of resurgent functions and trans-series which go be-
yond conventional (Poincare´) asymptotic analysis [1–7]. The new insights from QFT are the
semi-classically consistent compactifications [8–10] and deformations [12, 14] of quantum field
theories, to control their infrared behavior, rendering them well-defined and calculable.
Since these quantum field theories possess a non-Borel-summable asymptotic perturbative
expansion around any background, perturbation theory on its own is ambiguous, and does
not define the QFT. This is one of the major difficulties why many mathematicians would
say QFT is still non-rigorous, as recently emphasized in Ref.[15]. A lesser known fact is that
the non-perturbative semi-classical expansion on its own is also ambiguous (in the context
of QFT, see [16, 17] and the present work), and also does not define the QFT. However,
there exists a mechanism to cancel the non-perturbative ambiguities of perturbation theory
with the ambiguities of the semi-classical expansion within resurgence theory, and one obtains
unique, ambiguity-free, answers for physical quantities. This is a provocative and ambitious
goal which has been explored in some detail in certain quantum mechanical systems with
degenerate vacua [18–30], in connection with the pioneering work of Bender and Wu [31].
Here and in joint work with P. Argyres, [16, 17], we take the first steps in applying these
ideas to quantum field theory, where new effects appear, such as asymptotic freedom and
renormalons [32].
Philosophically, the idea of resurgence is to combine perturbation theory (with small
parameter λ, or λ~ if one restores ~) and non-perturbative analysis (with small parameter
e−A/λ, with A > 0) into a unified “trans-series” representation of a physical observable, in
which the trans-series encodes much more [and potentially all] information about the func-
tion, rather than being viewed simply as a perturbative approximation or as an asymptotic
approximation1:
f(λ~) ∼
∞∑
k=0
c(0,k) (λ~)k +
∞∑
n=1
(λ~)−βn e−nA/(λ~)
∞∑
k=0
c(n,k) (λ~)k (1.1)
The main point of resurgence is that the perturbative and non-perturbative sectors can be
related in a systematic and mutually consistent manner, and unified as a trans-series. Para-
phrasing the perspective of Dingle [1] and Berry and Howls [3], a trans-series may be a coded
1In general a trans-series also includes a sum over powers of logarithms [2, 5, 23, 24], which are associated
with quasi-zero-modes. We will comment on such terms later. After (1.1), we generally set ~ = 1.
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version of the exact function, which requires decoding in a systematic manner. Resurgence
is the statement that the coefficients c(n,k) in (1.1) of the series expansion in powers λ
k at
large order k, for some n, are directly related to the coefficients at low order in k, for some
other n. In other words, the perturbative expansion about some semiclassical configuration [a
multi-instanton-anti-instanton] is directly related to the perturbative expansion about some
other semiclassical configuration with different action. In Section 1.6 we give some elementary
but illustrative examples where such a trans-series expansion (rather than a perturbative or
a non-perturbative expansion) is obviously necessary in order to give a complete description
of the function as the phase of the expansion parameter λ is varied.
A natural and powerful approach to this kind of problem is known as Borel-E´calle resum-
mation, or generalized Borel summation [2, 4, 5, 7], a technique for extracting mathematical
and physical information from a divergent series. In quantum mechanics, this method may be
applied both to the divergent perturbation series representing an energy eigenvalue [19–30],
as well as to the divergent asymptotic series representation of the semiclassical wavefunction
[1, 2, 4, 5, 7]. For certain polynomial oscillator-type potentials the relation to exact semiclas-
sical quantization rules has been explored in detail [33, 34]. As a direct physical application,
resurgence yields trans-series representations of both eigenvalues and wavefunctions that, in
principle, encode all information about the solution. Earlier, Dingle and others developed
resurgent forms of WKB expansions for quantum mechanical problems and special functions.
These ideas also underlie improved hyper-asymptotic approximations in which the remainder
tails left after optimal truncation of a divergent series are repeatedly Borel resummed [1, 3],
revealing interesting universal structures.
It is not immediately clear that we can extend these quantum mechanical results to quan-
tum field theories with renormalization. We present here some evidence that resurgence can
be applied to QFT, in the two-dimensional CPN−1 model, one of the simplest non-trivial quan-
tum field theories which possesses features analogous to QCD such as asymptotic freedom,
confinement and instantons [36]. The resurgence perspective allows us to identify certain
semi-classical objects in the CPN−1 model with the elusive infrared (IR) renormalons, so that
ambiguities in the perturbative and non-perturbative sector cancel one another. This builds
on, but goes much further than, the fundamental results of Lipatov connecting instantons in
QFT path integrals and the divergence of perturbation theory [37].
In fact, resurgence theory in QFTs, or in certain quantum mechanics problems with
degenerate classical vacua, offers an extra feature: when we consider the effect of a topological
theta angle we find that the semi-classical exponential factors may also acquire phases, and
sectors with different phases cannot mix in perturbation theory, by the simple fact that
perturbation theory is independent of Θ. Thus, the Θ dependence serves as a simple and
useful guide that “grades” the distinct resurgent sectors, linking those that talk to one another
and cure one anothers’ ambiguities. Using the abbreviations Θ˜kN ≡ Θ+2pikN , A = 4pi, and for the
’t Hooft coupling λ ≡ g2N in the bosonic CPN−1 model, the general structure that emerges
out of the path integral formulation can be summarized symbolically in the following “graded
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resurgence triangle”:
f(0,0)
e−
A
λ
+i
Θ˜k
N f(1,1) e
−A
λ
−i Θ˜k
N f(1,−1)
e−
2A
λ
+2i
Θ˜k
N f(2,2) e
− 2A
λ f(2,0) e
− 2A
λ
−2i Θ˜k
N f(2,−2)
e−
3A
λ
+3i
Θ˜k
N f(3,3) e
− 3A
λ
+i
Θ˜k
N f(3,1) e
− 3A
λ
−i Θ˜k
N f(3,−1) e−
3A
λ
−3i Θ˜k
N f(3,−3)
e−
4A
λ
+4i
Θ˜k
N f(4,4) e
− 4A
λ
+2i
Θ˜k
N f(4,2) e
− 4A
λ f(4,0) e
− 4A
λ
−2i Θ˜k
N f(4,−2) e−
4A
λ
−4i Θ˜k
N f(4,−4)
. .
. ...
. . . (1.2)
which represents a general expansion of some observable. The rows correspond to a given in-
stanton number n, with associated perturbative loop expansions times an instanton prefactor
f(n,k)(λ) ≡ (λ)−βn
∑∞
k=0 c(n,k) (λ)
k, and with the topological phases specified. Only columns
of this triangle with matching Θ dependence can possibly mix via resurgence2. For example,
in the Bogomolny-Zinn-Justin (BZJ) approach to the periodic potential problem [24, 35],
which has degenerate vacua and a topological theta angle, the ambiguity in the perturbative
contribution f(0,0)(λ) to the ground state energy is cured by an ambiguity in the instanton-
anti-instanton amplitude, at order e−
2A
λ f(2,0)(λ). This is in fact a general phenomenon that
extends throughout the triangle: the Θ-sectors are correlated with instanton sectors, which
gives another tool for probing the mixing of the different terms in the trans-series represen-
tation. Our main conjecture is that each column is a resurgent function of λ. This graded
resurgence structure provides an interesting new perspective on instanton calculus and is born
in a natural implementation of the theory of resurgence in the path integral formalism.
Our long-term goal in applying resurgence to QFT is rather ambitious: We aim to give a
non-perturbative continuum definition of quantum field theory, and provide a mathematically
rigorous foundation. We also would like that such such a definition should be of practical
value (not a formal tool) whose results can be compared with the numerical analysis of lattice
field theory. In other words, generalizing the title of ’t Hooft’s seminal Erice lectures [38], we
want to make sense out of general QFTs in the continuum.
We emphasize that our immediate goal is not to provide theorems; rather we would
like to reveal structure underlying QFT, a framework in which we can define QFT in a self-
consistent manner without running into internal inconsistencies. We hope that whatever
framework emerges along these lines may form the foundation of a rigorous definition. This
point of view is close in spirit to Refs. [15, 39]. However, we ultimately hope that we will be
able to use resurgence theory to provide exact and rigorous results for general QFTs, at least
2For notational simplicity we suppress log terms that generally also appear in the prefactor sums.
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in the semi-classical domain. Our optimism stems from the work of Pham et.al. where they
proved that the semi-classical expansions in certain non-trivial quantum mechanical systems
are resummable to finite exact and unambiguous answers [34, 35].
Similar ideas that appear in the current work and in [16, 17] also appeared in a recent talk
by Kontsevich [44]. Kontsevich also examines resurgence from the path integral perspective,
with the intention of establishing a non-perturbative definition of certain special QFTs and
quantum mechanics, directly from the path integral. The notion of analytic continuation of
paths in field space, which is also crucial in our analysis of quasi-zero mode integrals, plays an
important role in his discussion. We also note that some progress has recently been made in
applying the ideas of resurgence to matrix models, and certain string theories and quantum
field theories (which do not require renormalization) in the recent works of Schiappa et al
[40], Marin˜o et al [41, 42], and Costin et al [43]. Our works differ from the above in the sense
that we study both realistic QFTs, with asymptotic freedom and renormalons, and comment
upon theories with extended supersymmetry. The study of realistic QFTs requires, apart
from new mathematical inputs, new physical inputs as well, rendering them calculable; this
QFT program began with new compactifications [8, 9] and deformations of gauge theories
[12, 14].3
1.1 Problems with semi-classical analysis on R2
To motivate our application of resurgence we recall that the CPN−1 model in two dimen-
sions is an asymptotically free non-linear sigma model with many features in common with
four dimensional Yang-Mills theory [36, 45]. Despite some progress in this class of theories,
especially in the large-N limit, there are several significant long-standing open problems:
Problem 1. Invalidity of the semi-classical dilute instanton gas approximation
on R2: The theory on R2 has instanton solutions, but it does not admit a reliable semi-
classical analysis because of the existence of the instanton size modulus, which implies that
instantons of all sizes come with no extra action cost. Therefore, a self-consistent dilute
instanton gas approximation, which relies on the assumption that the typical separation
between instanton events is much larger than the instanton size, does not exist for the CPN−1
model on R2. This is a variant of the long-standing “infrared embarrassment” problem [45].
3 The ability to use the weak coupling limit in realistic QFTs is a newly developing program, and it is what
makes the current detailed analysis possible. In non-supersymmetric theories, it is also to a certain extent an
unexpected, but quite welcome aspect. The state of the art concerning the large orders in perturbation theory
versus non-perturbative effects in the framework of resurgent functions and trans-series in ODEs, integral
equations, quantum mechanics and a sub-class of special QFTs is explained clearly in a recent review by
Marin˜o [42], where he asserts
“In realistic QFTs, perturbation theory is so wild that it is not feasible to pursue this program
[theory of resurgence], but in some special QFTs – namely, those without renormalons, like
Chern-Simons theory in 3d or N = 4 Yang-Mills theory – there are some partial results.”
We provide ample evidence in this work for CPN−1 , and in [16, 17] for QCD(adj), that the resurgence formalism
can in fact be applied to more realistic QFTs, even those with asymptotic freedom and renormalons.
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Problem 2. Meaning of the infra-red renormalon singularities: Another seri-
ous (and actually, we claim, related) problem is that if one works out the large orders of
perturbation theory in sigma models, there are singularities (poles or branch points) on the
positive real axis R+ of the complex Borel plane located at order N times closer to the ori-
gin than the leading 2d instanton-anti-instanton [II] singularity. These are called infrared
(IR) renormalon singularities, and it was previously unknown if there exists a semi-classical
(or non-semiclassical) field configuration which may cure this disease of perturbation theory
[38, 46]. Thus, perturbation theory is ill-defined for CPN−1 on R2.
Problem 3. Relation between large-N results and instantons: CPN−1 in the
large-N limit admits a solution with non-perturbative mass gap
mg = Λ = µe
−SI/N ≡ µe−4pi/(g2N) , (1.3)
where µ and Λ are, respectively, the renormalization and the strong scale, and SI is the 2d-
instanton action. There is no known semi-classical (or non-semiclassical) configuration which
leads to this mass gap. This has been studied, for example, in several fundamental works
[47, 49–52], but so far no fully consistent semi-classical analysis exists on R2.
We emphasize that none of these problems is formal. They indicate that some crucial
ingredients are lacking in our current understanding of QFT. We show here that it is possible
to solve these problems on R1×S1, and in fact, the solutions of all three problems are deeply
related. We also argue that this solution may be continuously connected to the situation on
R2, leading to a quite radical resolution of the problems listed above. Our proposal, valid
for both supersymmetric and non-supersymmetric theories, is also consistent with arguments
based on mirror symmetry [55] and appropriate generalization of the quantum chiral ring
relations [56] in the minimal supersymmetric case, as discussed below in Section 5.1.
1.2 Good and bad for semi-classics in compactified theories
Traditionally, an infrared cut-off such as thermal compactification is used to tame the prob-
lem of the size of an instanton in asymptotically free theories [57]. However, this thermal
compactification approach, as opposed to the spatial (non-thermal) compactification that we
propose here, does not provide a semi-classical analysis of the confined phase. As reviewed in
Section 3.1, at finite temperature, the CPN−1 model has two phases (regimes): a deconfined
phase β < βc ≈ Λ−1 (where βc is the deconfinement temperature and Λ is the strong scale),
and a confined phase, β > βc.
4
• The theory in the weak coupling small–S1β (high-temperature) regime is in a deconfined
phase, governed by trivial holonomy (3.6). The instanton size problem can indeed be
tamed in this phase, since
ρ . β < βc ≈ Λ−1 (1.4)
4Strictly speaking, there is no phase transition, but a rapid crossover in the behavior of the theory at
the strong scale. At N = ∞ thermodynamic limit, this becomes a sharp phase transition; at finite-N , the
deconfined regime has O(N)-free energy, and the confined regime has O(1) free energy.
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i.e., the instanton size ρ is cut-off by the box size β, and the box size is smaller than
the strong scale. However, the information that one acquires in this regime does not
apply to the confined-phase and is not continuously connected to R2. Despite the fact
that one can make sense of a dilute instanton gas for β  Λ−1 [47, 49–52], whatever
is learned in this phase is not obviously directly relevant for understanding the physics
below the deconfinement temperature, at large–S1β × R, or on R2.
• If the theory is in the confined phase, i.e., β > βc ≈ Λ−1, it is governed by a non-trivial
holonomy for the line operator at strong coupling. In this regime, there is no weakly
coupled description of the long-distance physics. The dilute instanton gas approximation
breaks down whenever the size modulus is of order the strong scale, ρ ∼ Λ−1. Therefore,
the existence of a box whose size is larger than βc is not helpful for a semi-classical dilute
gas approximation. Formally, it is still true that the size modulus of the “classical
instanton solution” is cut-off at the scale β. However, for
Λ−1 . ρ . β (1.5)
the notion of a semi-classical instanton is not meaningful, due to strong coupling. The
semi-classical approximation is simply inapplicable in this regime.
In CPN−1 on R1 × S1, as well as in gauge theories on R3 × S1, there are three types of gauge
holonomies. (In CPN−1 , this is the gauge holonomy associated with the σ-model connec-
tion, defined below in (2.34), and it plays the same role as the Wilson line in gauge the-
ory). In studying calorons, Yi and Lee [58], and van Baal et al [59], analyzed the difference
between trivial (degenerate eigenvalue distribution) and non-trivial holonomy (maximally
non-degenerate distribution), and realized the importance of non-trivial holonomy for topo-
logical configurations with fractional topological charges. However, a further refinement is
still needed in order to find a quantitative semi-classical theory describing the dynamics. The
types of holonomies are:
1) Weak coupling trivial holonomy: Semi-classical analysis applies, but this regime is
separated from strong coupling non-trivial holonomy by a rapid cross-over or a phase
transition.
2) Weak coupling non-trivial holonomy: Semi-classical analysis applies, and for a
large class of theories, this regime may be continuously connected to strong coupling
non-trivial holonomy regime.
3) Strong coupling non-trivial holonomy: Weak-coupling semi-classical analysis is
not applicable.
The appreciation of the existence and significance of the second type of holonomy is relatively
new in gauge theory [8, 12], and for CPN−1 it is presented in this work. 5
5The associated “free-energy” in both strong and weak coupling non-trivial holonomy regime is O(1),
whereas the free-energy of the weak coupling trivial holonomy regime is O(N). As N → ∞ thermodynamic
limit, there is a sharp phase transition between 1) and 3), but the limit is smooth between 2) and 3). This is
what we mean by continuity on R1 × S1.
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(a) (b) (c)
(a) (b) (c)
Figure 1. Three types of gauge holonomy in non-abelian gauge theories and analogously σ-connection
holonomy (defined in (2.34)) in non-linear sigma models, and their classification according to their
eigenvalue distribution. a) is the weak coupling trivial holonomy. b) and c) are, respectively, the weak
and strong coupling non-trivial holonomy, and they are continuously connected in the sense of gauge
invariant order parameters. In b), the eigenvalues of holonomy are located at the roots of unity and
their fluctuations are small. In c), the positions of the eigenvalues are uniform and randomized. In
gauge theory on R3 × S1, b) is the counterpart of the weak coupling adjoint Higgs regime. There is
no weak coupling or even a potential description for c). The difference between (b) and (c) in gauge
theory is discussed in Ref. [12].
Specifically, we propose a method to understand the dynamics of the CPN−1 theory on
R2 using continuity and weak coupling methods. We work with a spatial (non-thermal)
compactification with twisted boundary conditions. In this case, as we will show, there are
CPN−1 theories without any phase transition (the associated free energy always remains
order one, as opposed to order N1 as in the deconfined regime of the thermal theory) and
whatever is learned at weak coupling is expected to smoothly interpolate to strong coupling.
We study a class of theories related to CPN−1: the bosonic model, the supersymmetric N =
(2, 2) theory with Nf = 1 Dirac fermionic flavor, as well as non-supersymmetric multi-flavor
theory with Nf > 1. Our methods apply equally well both to supersymmetric and non-
supersymmetric theories, and the role that supersymmetry plays in Nf = 1 is in fact not
particularly significant.
1.3 Perturbation theory and spatial twisted boundary conditions
In the classical theory, we show that the twisted boundary conditions can be recast into a
background field, a U(1)N σ-connection. It is realized as a background field for the line
operator, defined below in (2.34). This is analogous to the background Wilson line in gauge
theory on R3×S1. Determining the stability of a given background in quantum theory requires
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a perturbative one-loop Coleman-Weinberg type analysis at small-L, similar to gauge theory.
The idea of twisted boundary conditions has recently been used to study the substructure of
calorons in CPN−1 at finite temperature [60–62], with earlier relevant work by Sutcliffe [63],
and we are in part inspired by these results. However, our physical interpretation is different,
as we use spatially twisted boundary conditions, and we further address the crucial issue of
the stability of the twisted background in the quantum theory, not addressed in earlier works.
The main result of the perturbative one-loop analysis is parallel to Yang-Mills theory
with adjoint fermions, QCD(adj), on R3×S1. We find that on a temporal circle, i.e., thermal
case, twisted boundary conditions are unstable for any Nf ≥ 0 in the small-Sβ regime. In
contradistinction, upon spatial compactification on a cylinder R1×S1L, ZN twisted boundary
conditions are stable for Nf ≥ 1, and unstable for Nf = 0. However, even in the (Nf = 0)
bosonic case, a ZN symmetric twist can be achieved, by exploiting the fermion induced
stabilization by taking fermions heavy with respect to the strong scale, but light with respect
to 1/(LN). This theory at distances larger then m−1 emulates the bosonic theory and has a
stable ZN -twisted background. We will refer to the bosonic theory obtained in this manner or
obtained by adding an explicit center-stabilizing potential as “deformed-CPN−1 ”. A stable
ZN twist is the first step towards a resolution of the problems listed in Section 1.1.
1.4 Topological defects and molecules
The stability of the spatially-twisted-background in the weak coupling regime allows us
to investigate topological defects. The leading topological defects and molecules in the
CPN−1 model on R1×S1L are:
(i) Kinks (or more rigorously kink-instantons) Ki.
(ii) Charged bions (correlated kink-anti-kink events) Bij = [KiKj ],
(iii) Neutral bions Bii = [KiKi], and
(iv) Neutral bion-anti-bion molecular events such as [BijBji], [BijBjkBki] etc.
Note that the 2d instanton I does not appear in this list of leading topological configurations.
Apart from the fact that it causes the anomaly in the classical U(1)A chiral symmetry for
theories with multiple massless fermions [reducing it to a discrete chiral Z2N ], the role of the
2d instanton in the semi-classical expansion is actually insignificant for the resolution of the
problems listed in Section 1.1. We emphasize this, as it is surprising and goes against the
general philosophy of many works. Also note that our classification of topological defects
in CPN−1 is identical to QCD(adj) compactified on R3 × S1, with the role of the monopole-
instantons of [16] being played by the kink-instantons in CPN−1 .
Before going into a description of the topological defects, we note the important hierarchy
of length (or energy) scales,
rk  rb  dk−k  db−b, (1.6)
where rk is the size of of kink-instanton, rb is the size of a bion, dk-k and db-b are the typical
inter-kink and inter-bion separations. This justifies the use of of a dilute gas of kinks, bions,
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etc. This hierarchy is also inherent to the hierarchy of successive terms in the semi-classical
trans-series expansion.
The kink-instantons are self-dual configurations with topological charge 1/N , as discussed
in detail in Section 4. The kink-instantons come in N types, associated with the (extended)
root system of the SU(N) global symmetry of the CPN−1 theory. The first (N − 1) types are
1d kink-instantons associated with the simple roots αi, and the remaining one is the twisted
(affine) kink-instanton, associated with the affine root α0 = −
∑
i αi. We give an explicit
construction of this affine-kink-instanton. In a theory with massless fermions, these defects
carry fermion zero modes. In the bosonic theory, they have a dependence on the topological
Θ-angle. Both of these ingredients will be crucial in the construction of the trans-series and
resurgent analysis.
At second order in the semi-classical expansion, we have two types of topological con-
figurations. These are [KiKj ] type correlated kink-kink events, or bi-kinks, with topological
charge and action 2/N of a 2d instanton. However, these events turn out to be not very
important. This is easy to understand in the Nf ≥ 1 theory, where [KiKj ] amplitudes carry
twice as many fermion zero modes and so are much less important for IR physics. It is a bit
more subtle to understand this in the deformed bosonic theory, but it is nevertheless true.
The more interesting events at second order are correlated kink-anti-kink instanton events
Bij , which exist for all non-vanishing entries of the extended Cartan matrix Âij 6= 0 of SU(N).
These defects have a typical size much larger than the kink size, but exponentially smaller
than the typical inter-kink separation. Therefore, these objects may be seen as molecular
instanton events.
For Âij < 0, there exists a charged bion. Charge µBij = αi − αj stands for the fact that
the root associated with this correlated tunneling event is non-zero. For Nf ≥ 1 theories,
the interaction between Ki and Kj has a repulsive component due to boson exchange, in
addition to an attractive fermion zero mode exchange induced interaction, leading to a bound
(correlated) event, with characteristic size rb. The charged bion is the counter-part of the
magnetic bion in QCD(adj) on R3 × S1 [9]. The Nf = 0 case requires more care and is
discussed in Section 6.5.
For Âii > 0, there exists a neutral bion. These are the correlated tunneling events
beginning and ending at the same position in the landscape of vacua, hence the name neutral,
µBii = αi − αi = 0. In this case, the interaction between Ki and Ki has two attractive
components: one due to boson exchange and another due to fermion zero mode exchange.
Consequently, and naively, it does not make sense to talk about such molecules, because such
an object would have a size as small as the kink-instanton size, where it is meaningless to
talk about a kink-anti-kink molecule. In fact, this problem in 2d field theory compactified
down to quantum mechanics, reduces to a variant of a readily solved problems in quantum
mechanics. The Nf = 0 case reduces to a problem addressed by Bogomolny and Zinn-Justin
in the context of bosonic quantum mechanics, [18–21, 23], while the Nf = 1 case reduces to
supersymmetric quantum mechanics addressed by Balitsky and Yung [25], and the Nf > 1
case is new. The Bogomolny–Zinn-Justin (BZJ) prescription tells us how to make sense of
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such kink-anti-kink configurations in quantum mechanics.
1.5 Classification of non-perturbative ambiguities and “confluence equations”
According to the BZJ-prescription, applied now to the Nf = 0 deformed–CPN−1 model, the
instanton–anti-instanton [KiKi] amplitude is two-fold ambiguous. This is the first of many
non-perturbative ambiguities in non-perturbative amplitudes, which will appear repeatedly.
In fact, the amplitude exhibits a jump exactly on the real positive g2 axis. Slightly above and
below the real axis g2 = |g2|eiθ, θ = 0± , we define the left and right bion amplitude as
[KiKi]θ=0± = Re[KiKi]± ig−r1e−2S0 , (1.7)
Whenever there are massless fermions in the theory, the neutral bion event Bii is ambiguity
free. For CPN−1 theories with massless fermions, the first non-perturbative ambiguity appears
at fourth order in the semi-classical expansion, and is due to the bion-anti-bion amplitude:
[BijBij ]θ=0± = Re[BijBij ]± ig−r2e−4S0 . (1.8)
This is a new result: namely that there is an ambiguity associated with neutral topological
molecules whose constituents carry a fraction of the 2d instanton action, 1/N or 2/N , respec-
tively. On the face of it, this is a disaster, rendering the semi-classical expansion meaningless.
After all, we are calculating a real physical observable, say, a mass gap or vacuum energy
density, in a system without an instability. What does an imaginary part mean?
In fact, what looks like a disaster turns out to be a blessing in disguise. In asymptotically-
free confining field theories, perturbation theory on R2 is factorially divergent, a Gevrey-1
series (defined below in Section 6.1). It is often non-Borel summable; that is to say, the sum
is ambiguous. One can define a left and right Borel sum, B0,θ=0± , the imaginary part of which
is the ambiguity. The ambiguity of perturbation theory on R2 cannot be cured solely with
instanton-anti-instanton amplitudes (which were sufficient to cure the problem in quantum
mechanics [19, 23, 24]). The reason is that perturbation theory on R2 develops singularities
in the Borel plane, called “infrared renormalons”, [32, 38] located at approximately 1/N of
the 2d [II] singularity. But there is no known field configuration on R2 to cancel the non-
perturbative renormalon ambiguity of the perturbation theory. However, on small R1 × S1
this is precisely what our neutral molecules (1.7) and (1.8) do.
In the semi-classical domain of the CPN−1 model on small R× S1, as in gauge theory on
R3 × S1, we encounter two classes of non-perturbative ambiguities:
• Ambiguities in the Borel resummation of perturbation theory either around
the perturbative vacuum or in the background of instantons or kinks.
• Ambiguities in the definition of the non-perturbative amplitudes (1.7), (1.8)
associated with neutral topological molecules, or molecules which include neutral sub-
components.
In order for the CPN−1 model to have a meaningful, semi-classical non-perturbative definition
in the continuum, these two class of ambiguities must cancel. Denote the left (right) Borel
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Figure 2. This figure depicts one of the main ideas of confluence equations and this work:
i) For real positive g2, perturbation theory is non-Borel summable, i.e., ill-defined. Continue to
negative g2 where the perturbation theory becomes Borel summable. Then, continue back to |g2|± i,
where one obtains left(right) Borel sums, B0,θ=0± . The absence of a smooth θ = 0 limit means non-
Borel summability, i.e., perturbation theory does not define the theory.
ii) For real positive g2, the neutral bion amplitude is also ill-defined. Continue to negative g2 where it
is well-defined. Then, continue it back, via C˜± to |g2|±i. Upon continuation, one obtains a left(right)
neutral bion amplitude [Bii]θ=0± , with an imaginary discontinuity between the two. This means an
ambiguity at θ = 0. We demonstrate, analytically, the exact cancellation of these two ambiguities at
order e−2S0 ≡ e−2SI/N . This is the first of many such cancellation encoded into confluence equations.
This means quantum field theory is non-perturbatively well-defined in continuum up to ambiguities
at order e−4S0 , which can further be improved systematically.
iii)The mathematical reason behind this phenomenon is that R+ in the complex g2-plane is a Stokes
ray. The jump in the resummed perturbation theory is the Stokes jump, which is (remarkably) mirrored
by a jump in the neutral bion amplitude, to render observables meaningful even along the Stokes ray.
resummation of perturbation theory, as described above, by B0,θ=0± . The fact that B0,θ
exhibits a jump at θ = 0 is the statement that the expansion is on a Stokes ray and the jump
is the Stokes discontinuity. In this work, we will show explicitly the cancellation between the
leading ambiguity in perturbation theory with the leading ambiguity in the non-perturbative
neutral bion amplitude:
ImB0,θ=0± + Im [Bii]θ=0± = 0 , up to e−4S0 (1.9)
This is the first entry in a hierarchy of such cancellation equations: see Section 7.4 and
equations (7.26). These equations hold the key to the possibility of defining QFTs in the
continuum using the resurgence framework. For this reason we give these equations a name:
perturbative–non-perturbative confluence equations, or confluence equations for short. Our
main conjecture is that all columns, i.e., all independent Θ sectors shown in the resurgence
triangle (1.2) are resurgent functions of the parameter λ~ ≡ λ.
The first class of ambiguities is well-known in perturbation theory, both in quantum
mechanics and QFT [29]. The latter class is perhaps less well known, but has been studied in
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the context of quantum mechanics [18–28]. Our main new result here is the connection with
IR renormalons in QFT for this second class of ambiguities, in non-perturbative amplitudes
for topological molecules in QFTs. This effect is primarily explored in this work and its
companion on R3 × S1 [16]. In the case of CPN−1 , compared to Yang-Mills theories on
R3× S1, the situation simplifies relatively because the small-compactified circle limit reduces
directly to quantum mechanics, and certain important technical results already exist in the
literature [19, 23–25].6
By using the resurgence formalism, we calculate the mass gap, a solely non-perturbative
quantity and the Θ angle dependence of the vacuum energy density at arbitrary N . Both
results are nontrivial, and are in accord with large-N and lattice results. Unlike the large-N
considerations, which provide little microscopic insight, our derivation also makes explicit the
microscopic origin of the mass gap and Θ-dependence in the CPN−1 -model. To our knowledge,
this is the first time that these non-perturbative quantities are analytically derived from first
principles.
1.6 Interlude: Prototypes of trans-series expansions
The cancellation of ambiguities between perturbative and non-perturbative expansions is an
example of the resurgent behavior of trans-series expressions, in which the full expansion of
a physical observable should be viewed as unifying the perturbative and non-perturbative
parts, as in (1.1). Given the physical significance of such behavior, we sketch the main
mathematical ideas of resurgence with some elementary examples. We refer the interested
reader to [1–5, 7] for excellent introductory reviews. Let us state clearly at the beginning that
a major advantage of this formalism is that it enables us to keep track of the relation between
perturbative and non-perturbative expansions as we analytically continue in the phase of the
coupling constant. The familiar relation between the single instanton sector and the large-
order growth of perturbative coefficients, the Bender-Wu relations in quantum mechanics
[31, 64] and the Lipatov analysis in QFT [37], are the simplest examples, but they are the
proverbial “tip of the iceberg”. Resurgence produces a whole series of such relations between
different non-perturbative sectors, and these are needed to demonstrate the full consistency
of QFT.
A simple illustrative class of examples of trans-series and resurgence arises for the asymp-
totic behavior of functions satisfying a second-order differential equation [such as Bessel func-
tions, Airy functions, parabolic cylinder functions, etc, or indeed for general Schro¨dinger
equations], for which there are just two non-perturbative exponential terms in the trans-series
expansion (1.1). Consider the following integral, related to the modified Bessel function K0:
Z1(λ) =
∫ ∞
−∞
dx e−
1
2λ
sinh2(
√
λx) (1.10)
=
1√
λ
e
1
4λ K0
(
1
4λ
)
(1.11)
6The same can be done for QFTs on R4 as well, by an unconventional compactification on T 3 × R. This
will be explored elsewhere.
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∼
√
pi
2
∞∑
n=0
(−1)n(2λ)nΓ(n+
1
2)
2
n! Γ
(
1
2
)2 , λ→ 0+ (1.12)
This is the “partition function”, Z1(λ) = tr e
−V1 , for the 0-dimensional field theory with
potential V1(x) =
1
2λ sinh
2(
√
λx) = 12x
2 + λ6x
4 + . . . . The perturbative series in (1.12) is
factorially divergent (Gevrey class 1; see Section 6.1), but has coefficients alternating in sign,
and is Borel summable (see (1.16) below). On the other hand, for the periodic potential,
V2(x) =
1
2λ sin
2(
√
λx) = 12x
2 − λ6x4 + . . . , obtained formally by λ → −λ, we have the
partition function, Z2(λ) = tr e
−V2 , related to the modified Bessel function I0:
Z2(λ) =
∫ pi/√λ
0
dx e−
1
2λ
sin2(
√
λx) (1.13)
=
pi√
λ
e−
1
4λ I0
(
1
4λ
)
(1.14)
∼
√
pi
2
∞∑
n=0
(2λ)n
Γ(n+ 12)
2
n! Γ
(
1
2
)2 , λ→ 0+ (1.15)
Formally, it is tempting to conclude from the perturbative expansions in (1.12) and (1.15) that
Z1(−λ) = Z2(λ), but this is not true, as it misses important non-perturbative contributions
[see (1.22) below].
The first clear sign of a problem is that the perturbative expansion in (1.15) is a non-
alternating divergent series and is not Borel summable. There is therefore the possibility
of a non-perturbative imaginary ambiguity in Z2(λ). However, we know that the periodic
potential system is stable, so there should be no imaginary part, with Z2(λ) being real.
We can resolve this problem using Borel-E´calle summation. From (1.12) we see that the
Borel sum of the perturbative series for Z1(λ) can be expressed in terms of a hypergeometric
function:
Z1(λ) =
√
pi
2
1
2λ
∫ ∞
0
dt e−
t
2λ 2F1
(
1
2
,
1
2
, 1;−t
)
(1.16)
For λ > 0, this Borel integral is well defined, as the hypergeometric function has a cut
(−∞,−1) only along the negative t axis. On the other hand, a formal Borel expression
for Z2(λ) has a cut on the contour of integration. So we must define Z2(λ) by analytic
continuation from Z1(λ). Consider rotating the phase of λ in the Z1(λ) Borel expression (1.16)
so that λ→ |λ|eiθ. Then the direction of the branch cut rotates, and when θ approaches ±pi,
the branch cut approaches the contour of integration, either from below or above. In this limit,
when θ = ±pi, the alternating asymptotic series in Z1(λ) in (1.12) becomes non-alternating.
There is however an ambiguity, because we can rotate either clockwise or anti-clockwise. The
difference between these two results is the difference of the two so-called “lateral Borel sums”,
B±(λ), a measure of the ambiguity in summing the non-alternating series, and can be written
as a Borel integral above and below a cut:
Z1(e
ipi λ)− Z1(e−ipi λ) =
√
pi
2
1
2λ
∫ ∞
1
dt e−
t
2λ
[
2F1
(
1
2
,
1
2
, 1, t− iε
)
− 2F1
(
1
2
,
1
2
, 1, t+ iε
)]
– 14 –
= −(2i)
√
pi
2
1
2λ
e−
1
2λ
∫ ∞
0
dt e−
t
2λ 2F1
(
1
2
,
1
2
, 1,−t
)
(1.17)
= −2i e− 12λ Z1(λ) (1.18)
To obtain (1.17) we used the known discontinuity property of the hypergeometric function
[65]:
2F1
(
1
2
,
1
2
, 1, t+ iε
)
− 2F1
(
1
2
,
1
2
, 1, t− iε
)
= 2i 2F1
(
1
2
,
1
2
, 1, 1− t
)
(1.19)
Notice the amazing fact that in the discontinuity of Z1(λ) in (1.18) we recover an exponential
factor, e−2(
1
4λ
), multiplying the original function Z1(λ). This is not an accident – it is a sign
of resurgence at work.
In fact, the modified Bessel functions K0(z) and I0(z) are related under analytic contin-
uation of their argument by the following connection formula:
K0(e
±ipi |z|) = K0(|z|)∓ i pi I0(|z|) (1.20)
Therefore, we deduce that
Z1(e
±ipi λ) =
pi√
λ
e−
1
4λ I0
(
1
4λ
)
∓ i√
λ
e−
1
4λ K0
(
1
4λ
)
(1.21)
= Z2(λ)∓ i e− 12λ Z1(λ) (1.22)
which is consistent with (1.18).
Another way to understand this is that the naive asymptotic expansions of K0(z) and
I0(z) for z → +∞ are not consistent with the connection formula (1.20), reflecting the fact
that these asymptotic expansions do not fully define the functions. The asymptotic expansion,
as z → +∞, of K0(z) is easily obtained from the following integral representation:
K0(z) =
1
2
∫ ∞
0
dt
t
e−
z
2(t+
1
t ) ∼
√
pi
2z
e−z
∞∑
n=0
(−1)n
(2z)n
Γ
(
n+ 12
)2
n! Γ
(
1
2
)2 (1.23)
The integral has saddle points at t = ±1, but only the saddle at t = +1 contributes. The
resulting series is asymptotic but Borel summable. The other modified Bessel function, I0(z),
has a quite different integral representation
I0(z) =
1
2pii
∫
C
dt
t
e−
z
2(t+
1
t ) (1.24)
where C is the contour of the anti-clockwise unit circle. Now both saddle points, at t = ±1,
contribute, and the full resurgent asymptotic expansion reads:
I0(z) =
√
1
2piz
ez ∞∑
n=0
1
(2z)n
Γ
(
n+ 12
)2
n! Γ
(
1
2
)2 +

i
−i
0
 e−z
∞∑
n=0
(−1)n
(2z)n
Γ
(
n+ 12
)2
n! Γ
(
1
2
)2
 (1.25)
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where the three cases are for 0 < arg z < pi, −pi < arg z < 0, and arg z = 0, respectively. This
is a two-term trans-series expansion, with two different non-perturbative (in z = 14λ) expo-
nential terms, e±z, one associated with each saddle point. The second term is exponentially
sub-leading when Re(z) > 0, and so is often neglected. But as the phase of z approaches
±pi/2, both terms contribute, accounting for the real oscillatory nature of the ordinary Bessel
functions J0(z) and Y0(z). More importantly, the coefficients in the asymptotic expansions
multiplying each exponential term are related to one another in a particular way, differing
simply by a factor of (−1)n. This correspondence is a direct consequence of Darboux’s theo-
rem: the high orders of the asymptotic expansion about one saddle involve high derivatives,
and these are determined by the behavior of the function in the vicinity of the nearest singu-
larity, which is the other saddle. This is also manifest in our transseries expansion: The value
of the “action” S(z) = z2
(
t+ 1t
)
at the two saddle points t = ±1 are S+ = z and S− = −z,
and the two exponential terms in the trans-series are respectively e−S+ = e−z and e−S− = ez.
Dingle defines the difference of the two “actions” as the singulant [1, 3]
∆S+− = S+ − S− , (1.26)
and notes that the large order behavior of the asymptotic series is controlled by the singulant.
The trans-series is roughly (ignoring inessential details)
I0(z) ∼
e−S− ∞∑
n=0
n!
(∆S+−)n
+

i
−i
0
 e−S+
∞∑
n=0
(−1)nn!
(∆S+−)n
 (1.27)
This feature is generic, as was discovered by Dingle in the context of WKB analysis [1],
and elaborated by Berry and Howls [3] for more general integrals with multiple saddles.
Let ti, i = 1, 2, . . . denote the set of saddle points with actions S(ti) = Si. Ref.[3] defines
a singulant Sij = Si − Sj for each adjacent saddle j. The leading n! divergence of the
asymptotic series is controlled by the saddle(s) j for which |Sij | < |Sij′ | for all j′. We refer
the reader to Ref.[3] for a discussion of the intricate topological structure that arises in an
integral with multiple saddles, characterizing which saddles affect one another. This is one
aspect of resurgence – the expansions around different saddles [i.e., the expansions about
different instantons] are necessarily related to one another in a very precise way, as encoded
in Darboux’s theorem. 7
Other important examples of resurgence, more like what we expect to encounter in quan-
tum field theory, involve an infinite series of non-perturbative exponential terms. The simplest
example of this type is given by Stirling’s formula for the gamma function. In fact, it is easier
to describe in terms of the digamma function ψ(x) = Γ′(z)/Γ(z). Consider the divergent
7 Clearly, the form given in (1.27) is very suggestive for quantum field theory. Indeed, we will identify
a very similar structure in quantum field theory (albeit with infinitely many exponential factors, as in the
sub-sequent Γ function example) in the perturbative expansion around the perturbative vacuum or different
topological sectors. In particular, the singulants will be identified with neutral topological composites (like
neutral bion), as opposed to single instantons.
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but Borel summable “perturbative” expansion for z → +∞ (so 1z is the small perturbative
parameter):
ψ
(
1
2
+ z
)
= ln z −
∫ ∞
0
dt e−2zt
(
1
sinh t
− 1
t
)
(1.28)
∼ ln z − 2
∞∑
n=0
(−1)n(2n+ 1)!
(2piz)2n+2
(
1− 22n+1
22n+1
)
ζ(2n+ 2) (1.29)
The series expansion is sufficient to satisfy the basic recurrence relation, ψ
(
1
2 + z
)
= ψ
(−12 + z)+
1/(z−1/2), derived from the gamma function relation z Γ(z) = Γ(z+1). Now imagine rotating
z to e±ipi/2z, so that the series becomes non-alternating. The series representation (1.29) sug-
gests that the difference between these two rotations might be: ψ
(
1
2 + iz
)−ψ (12 − iz) ∼ ipi,
coming from the log term. However, we also know the (global) reflection formula for the
gamma function, Γ(z)Γ(1− z) = pi/ sin(piz), which implies that
ψ
(
1
2
+ iz
)
− ψ
(
1
2
− iz
)
= i pi tanh(pi z) = i pi
(
1 + 2
∞∑
k=1
(−1)k e−2pikz
)
(1.30)
We see that in addition to the expected i pi term, there is an infinite series of exponentially
small non-perturbative terms (in e−2piz = e−2pi/λ). These are neglected in the series represen-
tation (1.29) but are needed in order to satisfy the reflection formula. Moreover, we obtain
the following expression for the real part:
Reψ
(
1
2
+ i z
)
∼ ln z + 2
∞∑
n=0
(2n+ 1)!
(2piz)2n+2
(
1− 22n+1
22n+1
)
ζ(2n+ 2)− ipi
∞∑
k=1
(−1)k e−2pikz (1.31)
This formula looks strange since the LHS is obviously real. The formal first sum on the
RHS looks real, but this is deceptive. It also looks like there is an imaginary contribution
on the RHS, and this is also deceptive. Upon Borel resummation of the formal series, the
imaginary non-perturbative part on the RHS cancels the imaginary part coming from the
Borel summation of the non-alternating divergent series. This is how the RHS is (not so
obviously) real.
The reflection formula is derived from an analytic continuation of the gamma function, so
it encodes global information about the function, more than just the basic recursion formula
z Γ(z) = Γ(z + 1) (which may be viewed as the local Schwinger-Dyson equation derived
from the integral representation of the gamma function) and its series solution in (1.29). In
other words, a global resurgent trans-series expression for the digamma function at large |z|
must include both perturbative powers of 1/z and also exponentially small non-perturbative
terms e−2pikz, for all positive integer k. Furthermore, the perturbative series part is not
independent of the non-perturbative exponential part, as they are connected by the reflection
formula. 8 Equivalently, we can deduce the exponential terms from directed Borel integrals
8In QFT, the counter-part of this global relation is the confluence equations discussed in Section 7.4.
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that go around the poles of the Borel integrand at t = ikpi in (1.28), which can in turn be
identified with saddles of an integral representation, which interact with one another according
to Darboux’s theorem. An analogous analysis is possible for the Barnes multiple gamma
functions and for the Hurwitz zeta function, the basic functions known to underly quantum
field theoretic effective actions in constant gravitational and electromagnetic background fields
[66].
At first sight one might think that these examples are unrealistically special, since we
know extra information about these functions [such as a differential equation or a functional
relation]. However, the first example of the modified Bessel functions captures much of
the physics of the perturbative and non-perturbative ambiguities arising in the quantum
mechanics of periodic potentials such as the Sine-Gordon model [21, 24, 35], along the lines
of the Bogomolny-Zinn-Justin analysis [18, 19, 23], and is central to our CPN−1 analysis
in this paper (see Section 7). The second example of the digamma function underlies the
non-perturbative ambiguities found in quantum field theoretic effective actions in constant
electromagnetic and gravitational backgrounds such as found in the analytic continuation
between de Sitter and anti-de Sitter spaces [66], and in certain highly symmetric Chern-
Simons models [40–42, 67].
Beyond these examples, the essence of E´calle’s theory of resurgence is that by studying
the analytic structure of Borel integrals in the vicinity of all the poles and cuts, one can in
principle reconstruct all information about the function starting from a series representation
[2]. One of E´calle’s main results is that the set of “analyzable functions”, for which these
operations apply, forms a basis of trans-series expansions which appears to be sufficient to
capture all the required information for the types of functions that appear in physics and
mathematics. This is a profound and provocative viewpoint, which has motivated our study
here of the CPN−1 model, to see to what extent this bridge between perturbative and non-
perturbative physics is actually realizable in quantum field theory.
2 CPN−1 Models
We study the CPN−1 model defined on two-dimensional Euclidean space-time, R1×S1, with
the topology of a cylinder, using coordinates (x1, x2), where x1 is the non-compact Euclidean
time direction, and x2 is the compactified spatial dimension of length L = 2piR. The classical
action of the CPN−1 model is
S =
2
g2
∫
d2x (Dµn)
†Dµn (2.1)
where n = (n1, n2, . . . nN )
T is a complex N -component column vector satisfying n†n = 1. The
covariant derivative operator is Dµ = ∂µ + iAµ, and the abelian gauge field Aµ is determined
by its equation of motion to be
Aµ =
i
2
(
n†∂µn− ∂µn†n
)
(2.2)
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The CPN−1 model has a local U(1) gauge redundancy,
n(x)→ eiα(x)n(x) , Aµ(x)→ Aµ(x)− ∂µα(x) (2.3)
and also a global U(N) symmetry
n(x)→ U n(x) , U ∈ U(N) (2.4)
The n-field parametrizes the coset space
MN,1 ≡ CPN−1 = U(N)
U(N − 1)× U(1) (2.5)
and is characterized by N2 − 1 − (N − 1)2 = 2(N − 1) real fields, which are massless to all
orders in perturbation theory.
It will be useful to add a topological theta-term to the action:
SΘ = iΘQ (2.6)
where Θ is an angular parameter with period 2pi, and Q is the topological charge:
Q = − i
2pi
∫
d2x µν(Dµn)
†Dνn = − i
2pi
∫
d2x µν∂µ
(
n†∂νn
)
=
1
2pi
∫
d2x µν∂µAν (2.7)
In bosonic and deformed CPN−1 theories, physical observables exhibit Θ dependence. The Θ
term will be particularly useful in analyzing the semi-classical trans-series expansion. We will
also consider the CPN−1 model with Nf Dirac fermions:
Sfermion =
2
g2
∫
d2x
[−iψγµDµψ + 14 ((ψψ)2 + (ψγ3ψ)2 − (ψγµψ)2)] (2.8)
where a sum over the fermion flavor index is assumed. The Nf = 1 theory is the N = (2, 2)
supersymmetric model [68], while for Nf > 1 the theory is non-supersymmetric.
All CPN−1 models are asymptotically free, because the first order β-function is indepen-
dent of Nf . Whether this class of theories is confining or conformal in the IR depends on Nf .
The coupling g2(µ) is a function of energy scale µ. At one loop order, we have
Λβ0 = µβ0e
− 4pi
g2(µ) , β0 = N or Λ = µ e
−SI/β0 = µ e−
4pi
Ng2(µ) , (2.9)
where Λ is the strong coupling scale, β0 is the coefficient of the 1-loop beta function, and SI
is the instanton action. Λ is the natural scale of the mass gap of the theory. Note the simple
but important fact that the relation between Λ and µ, via dimensional transmutation, is not
determined by the instanton factor, but by the instanton factor divided by N . Thus, on R2,
a physical quantity like the mass gap cannot have a semi-classical origin or description. On
the other hand, in the weakly coupled semi-classical domain on R1×S1, we will show that the
semi-classical expansion is in e−SI/β0 ≡ e−
4pi
Ng2(µ) , allowing us to identify the configurations
which lead to a mass gap.
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The Nf = 1 model has a classical U(1)V × U(1)A symmetry, acting on the 2d Dirac
fermion ψ = (ψ+, ψ−)T as
V : ψ −→ eiδψ, A : ψ −→ eiσ3βψ (2.10)
where ψ+ and ψ− are the left and right-mover modes. The U(1)A symmetry is anomalous
due to instanton effects. In the background of an instanton, chirality is violated by 2N units,
and the associated 2d instanton amplitude is given by
I2d = e
−SI (ψ−ψ+)N (2.11)
Quantum mechanically, the exact axial symmetry of the theory is Z2N . On R2, there is
compelling evidence that the Z2N discrete chiral symmetry is dynamically broken down to
Z2 by a fermion-bilinear condensate
〈ψ−ψ+〉 = NΛ ei 2pikN , k = 0, 1, . . . , N − 1 (2.12)
leading to N isolated vacua. The supersymmetric index for this theory is also N . We will
give a new derivation of the chiral condensate and supersymmetric index in Section 5.
In the multi-flavor theory Nf > 1 theory, the classical global symmetry is U(Nf )V ×
U(Nf )A. Quantum mechanically, due to instanton effects, this symmetry is reduced to[
U(1)V × SU(Nf )V × SU(Nf )A × Z2N Nf
]
/Z2 × ZNf (2.13)
The terms in the denominator are there to prevent double counting. Z2 is fermion number
mod two, which lives both in U(1)V and Z2N Nf . ZNf lives in both the diagonal subgroup of
the continuous chiral symmetries as well as in Z2N Nf . The true discrete chiral symmetry of
the multi-flavor theory is also just ZN , as in the case of single flavor theory. The 2d instanton
amplitude in the Nf flavor theory is given by
I2d = e
−SI
[
det
ab
(ψa−ψ
b
+)
]N
∼ e−SI
[
(ψn1− ψ
n1
+ )(ψ
n2− ψ
n2
+ ) . . . (ψ
Nf
− ψ
Nf
+ ) + permutations
]N
(2.14)
This is of course a singlet under continuous chiral symmetries, but reduces the discrete chiral
symmetry down to Z2N Nf . In two-dimensions, the continuous chiral symmetry cannot be
spontaneously broken, by the Coleman-Mermin-Wagner theorem [45]. However, the discrete
chiral symmetry may be broken. The order parameter associated with the discrete chiral
symmetry is
〈det
ab
(ψa−ψ
b
+)〉 ∼ ΛNf ei
2pik
N , k = 0, 1, . . . , N − 1 (2.15)
leading to N isolated vacua, as in the case of the supersymmetric theory. The chiral conden-
sates (2.12) and (2.15) on R2, just like the mass gap of the bosonic theory, cannot have a
semi-classical description. Since the instanton size is a modulus parameter, as noted in the
Introduction, there is no well-defined semi-classical dilute instanton gas description on R2.
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2.1 Twisted boundary conditions vs. background in classical theory
Twisted boundary conditions can be used to probe more finely the structure of the CPN−1 model.
We first show the equivalence at the classical level between the theory with twisted boundary
conditions and action (2.1), and the theory with untwisted (periodic) boundary conditions in
the presence of a U(1)N background “gauge” field. In the next section (2.2), we show that the
background field is associated with a gauge invariant line operator that we construct from the
CPN−1 fields. The quantum mechanical stability of the background is discussed in Section 3.
As stated in the Introduction, twisted boundary conditions on their own do not necessarily
imply semi-classical calculability. What is crucial is that a certain type of background must
be stable, in order for a semi-classical analysis to apply usefully to CPN−1 .
Consider twisted boundary conditions for the bosonic and fermionic fields in CPN−1 :
n(x1, x2 + L) = Ω0 n(x1, x2) , ni(x1, x2 + L) = e
2piiµi ni(x1, x2)
ψ(x1, x2 + L) = ±Ω0 ψ(x1, x2) , ψi(x1, x2 + L) = ±e2piiµi ψi(x1, x2) (2.16)
where Ω0 ∈ U(N) is the twist matrix
Ω0 =

e2piiµ1 0 . . . 0
0 e2piiµ2 . . . 0
...
0 0 . . . e2piiµN
 , 0 ≤ µ1 ≤ µ2 ≤ · · · ≤ µN < 1 (2.17)
In other words, the fields are periodic only up to a global Ω0 rotation, with Ω0 ∈ U(N). The
twist matrix Ω0 can always be brought to this diagonal form by a similarity transformation.
A general twisted boundary condition with non-degenerate twist explicitly breaks the
global U(N) symmetry down to U(1)N . A special role will be played by the maximally
symmetric twist, or ZN -symmetric twist:
(µ1, µ2, . . . , µN ) =
1
N
(0, 1, 2, . . . , N − 1) (2.18)
for which the eigenvalues of Ω0 are equidistant.
The twisted boundary condition for the theory with action (2.1) is equivalent to the
theory with periodic boundary conditions and a twisted U(1)N background field. To see this,
define periodic fields n˜j , for j = 1, . . . N :
n˜j(x1, x2) = e
−i 2piµjx2
L nj(x1, x2) , n˜j(x1, x2 + L) = n˜j(x1, x2), (2.19)
The gauge field Aµ in (2.2) can be re-expressed in terms of the periodic fields n˜(x1, x2) as
Aµ(n) = Aµ(n˜)− 2pi
L
δµ2
N∑
j=1
n˜†j µj n˜j (2.20)
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Then the bosonic action (2.1) can be expressed in terms of the periodic field as
S =
2
g2
∫
d2x
(
|Dbµn˜j |2 − |n˜∗jDbµn˜j |2
)
,
Dbµ· = ∂µ ·+iAµ + i δµ2
2pi
L

µ1 0 . . . 0
0 µ2 . . . 0
...
0 0 . . . µN
 · (2.21)
The change in the fermonic action (2.8), under similar manipulations, is also equivalent to
the replacement Dµ → Dbµ. This corresponds to the action of the n˜-particles coupled to a
“background U(1)N gauge holonomy” Ω0. The gauge connection that we refer to here is
”the sigma model connection” that will be defined in the next section. We comment that the
twisted boundary conditions introduced here have some relations to, but also some significant
differences from, twisted mass terms in sigma models [70, 72–75]. A closer, but also not exact,
analogy is with symmetry breaking terms for studying sphalerons in sigma models [76–78].
2.2 Parametrization of CPN−1 manifold and σ- connections
The local splitting of the n field into a modulus and phase ni = e
iϕi |ni| provides a useful
parametrization to study the dynamics of the theory. Despite the fact that the splitting is
local, it will help us to build new line operators, which are useful in the study of the phases,
and to make connections with the 4d gauge theory.
Definiton 1: Point-wise modulus and phase splitting The point-wise splitting
amounts to rewriting the CPN−1 field in complexified hyperspherical coordinates, involving
2(N − 1) angular fields:
n1
n2
n3
...
nN
 =

eiϕ1 cos θ12
eiϕ2 sin θ12 cos
θ2
2
eiϕ3 sin θ12 sin
θ2
2 cos
θ3
2
...
eiϕN sin θ12 sin
θ2
2 sin
θ3
2 . . . sin
θN−1
2
 θi ∈ [0, pi], ϕi ∈ [0, 2pi). (2.22)
The angular fields {θ1, . . . , θN−1} are independent, and one out of {ϕ1, . . . , ϕN} can be gauged
away. Hence, there are 2(N − 1) microscopic degrees of freedom, as noted in the coset
construction (2.5). We set the gauge choice to
N∑
i=1
ϕi = 0 (mod 2pi) (2.23)
by using the local U(1) gauge redundancy (2.3):
|ni(x1, x2)| → |ni(x1, x2)| ϕi(x1, x2)→ ϕi(x1, x2) + α(x1, x2) (2.24)
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The modulus is gauge invariant, whereas each phase transforms as a “gauge” connection.
This splitting is crucial in the construction of a refined line-operator probing the structure of
the theory.
Definiton 2: Sigma-model connection or σ-connection The derivative of each
phase, −∂µϕi, i = 1, . . . , N , transforms under (2.3) like a gauge connection, modulo the
constraint (2.23). Therefore, and due to reasons that will follow, it is useful to define −∂µϕi ≡
Aµ,i as the “sigma-model connection”, or “σ-connection” for short. Under (2.24), it rotates
as
− ∂µϕi ≡ Aµ,i −→ −∂µϕi + ∂µα ≡ Aµ,i + ∂µα (2.25)
This N -component (minus the constraint) σ-connection is crucial to build new line operators.
The relation between various useful representations of the CPN−1 fields are
n(x1, x2) = Ω(x1, x2)R(x1, x2), n˜(x1, x2) = Ω˜(x1, x2)R(x1, x2) (2.26)
where R ≡ Diag(|ni|), with 0 ≤ |ni| ≤ 1, according to (2.22) and
Ω(x1, x2) = Ω˜(x1, x2)T (x2) , in components ,
eiϕ1 0 . . . 0
0 eiϕ2 . . . 0
...
0 0 . . . eiϕN
 =

eiφ1 0 . . . 0
0 eiφ2 . . . 0
...
0 0 . . . eiφN


ei
2piµ1x2
L 0 . . . 0
0 ei
2piµ2x2
L . . . 0
...
0 0 . . . ei
2piµNx2
L
 (2.27)
The ϕi(x1, x2) field is not periodic, as per (2.16), ϕi(x1, x2 +L) = ϕi(x1, x2)+2piµi, while the
φ(x1, x2) fields are periodic, and T (x2) is a twist matrix depending only on the compactified
coordinate x2.
Line operators: The local (point-wise) decomposition of fields can be used to construct
line operators, which are useful to probe the phases of the theory in a way which provides
more information than the usual Wilson line associated with the auxiliary gauge field (2.2).
In particular,
Aµ = −
N∑
i=1
|ni|2∂µφi =
N∑
i=1
|ni|2Aµ,i (2.28)
and obeys (2.3). On R2, one can define an open Wilson line
W (a,b) = ei
∫ b
a dxµAµ = e−i
∑N
i=1 |ni|2
∫ b
a dxµ∂µφi =
N∏
i=1
e−i|ni|
2
∫ b
a dxµ∂µφi (2.29)
which transforms covariantly. Instead of this conventional operator, we define a more refined
version, because there is more information in the phases than there is in their weighted-sum
(2.28).
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Definition 3: σ-connection holonomy We define a line operator associated with the
σ-connection holonomy:
(LΩ)ij = (
LΩ)iδij ,
LΩi(a,b) = e
i
∫ b
a dxµAµ,i = ei(ϕi(a)−ϕi(b)) (2.30)
as an N ×N matrix. Note that the line operator, because of the way that it is constructed,
can be written as a product of two-point operators at the end-points. This is because the σ-
connection Aµ,i is a total derivative. Under a U(1) gauge rotation, the line operator transform
covariantly:
LΩ(a,b) = Ω(a)Ω†(b)→ eiα(a) LΩ(a,b) e−iα(b) (2.31)
The traced version of this line operator making a topologically non-trivial loop on the S1
circle will play a role parallel to the Wilson line (or Polyakov loop) in SU(N) gauge theory.
2.3 Center symmetry
When compactified on R1×S1, the CPN−1 model has a global symmetry, called center symme-
try, which acts non-trivially on certain line operators. In order to see this, recall that the local
gauge invariance does not require the gauge rotations to be strictly periodic. Aperiodicity up
to a global element of the center-group is both permitted and useful:
eiα(x1,x2+L) = e−iξeiα(x1,x2) , e−iξ ∈ U(1) . (2.32)
A canonical gauge invariant order parameter on the cylinder R1×S1 is given by the Wilson
loop
W (x1) = exp
[
i
∫ L
0
A2(x1, x2) dx2
]
(2.33)
In order to extract more information about the structure of the theory, we introduce a refined
order parameter. Consider the σ-connection holonomy (2.30) which makes a circuit around
the compact direction, namely
(LΩ)j(x1) = exp
[
i
∫ L
0
dx2 A2,j
]
= exp [i(ϕj(x1, 0)− ϕj(x1, L))]
LΩ(x1) =

ei[ϕ1(x1,0)−ϕ1(x1,L)] 0 . . . 0
0 ei[ϕ2(x1,0)−ϕ2(x1,L)] . . . 0
...
0 0 . . . ei[ϕN (x1,0)−ϕN (x1,L)]
 (2.34)
Under an aperiodic global gauge rotation, ei[ϕ1(x1,0)−ϕ1(x1,L)] → eiξei[ϕ1(x1,0)−ϕ1(x1,L)]. The
constraint (2.23) implies
det
(
LΩ
)
= 1 (2.35)
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which is same as eiNξ = 1 or equivalently,
eiξ = ei
2pik
N , k = 1, . . . , N (2.36)
Therefore, the center symmetry of the theory is ZN and (2.34) is its order parameter. Under
center-symmetry, it rotates by the global ZN - phase (2.36):
ZN : LΩ −→ ei 2pikN LΩ . (2.37)
This gauge invariant operator plays the same role as a Polyakov loop or a Wilson line does
in non-abelian gauge theories.
Note that the twisted boundary conditions used in (2.16) and (2.17) can be viewed as
the background field associated with the line operator (2.30). In quantum field theory, we
would associate 2piµi ↔ 〈[ϕi(0) − ϕi(L)](x1)〉 with the vev of the dynamical field, and we
would interpret [φi(0) − φi(L)](x1) as the quantum fluctuations around the vev. In quan-
tum mechanics, (2.17) will be the configuration that minimizes the one-loop potential, the
background around which we can make a Born-Oppenheimer approximation:
LΩ =

e2piiµ1 0 . . . 0
0 e2piiµ2 . . . 0
...
0 0 . . . e2piiµN

︸ ︷︷ ︸
background

ei[φ1(0)−φ1(L)] 0 . . . 0
0 ei[φ2(0)−φ2(L)] . . . 0
...
0 0 . . . ei[φN (0)−φN (L)]

︸ ︷︷ ︸
fluctuations
(2.38)
and [φi(0)− φi(L)](x1) denotes the fluctuation around it.
This is an important point, distinguishing a classical analysis from a quantum one. In
the quantum theory, the twisted boundary condition (which is equivalent to a background
U(1)N σ-connection) is actually not a choice; rather it is determined by dynamics. In the
weak coupling regime, this background is determined by a Coleman-Weinberg type one-loop
analysis. As we show in the next section, not all values of µi are actually stable under quantum
fluctuations.
3 Perturbative one-loop analysis for σ-connection holonomy
The realization of center-symmetry in the CPN−1 model in the small-S1 regime can be deter-
mined through a one-loop calculation. Because of asymptotic freedom, at sufficiently small
S1 (with respect to the length scale set by the inverse of the strong scale Λ), the Kaluza-
Klein modes of the theory are weakly coupled and can be integrated out perturbatively. For
the general CPN−1 theory with Nf fermions, the one-loop effective potential for the gauge
invariant line operator LΩ can be obtained by standard methods [57]. The one-loop analy-
sis picks out which “background” appearing in the covariant derivative (2.21) and (2.38) is
preferred by thermal or quantum fluctuations. The use of twisted boundary conditions, and
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hence a twisted background, in the classical theory does not imply the stability of the given
background in the quantum theory.
In order to check the stability of the twisted background, under thermal vs. spatial
compactification, use
n˜(x1, x2 + L) = n˜(x1, x2), ψ˜(x1, x2 + L) = −ψ˜(x1, x2) (thermal)
n˜(x1, x2 + L) = n˜(x1, x2), ψ˜(x1, x2 + L) = +ψ˜(x1, x2) (spatial) (3.1)
The choice of anti-periodic (thermal) vs. periodic (spatial) boundary conditions for fermions
in the path integral formalism, correspond, in the operator formalism to studying the the-
ory by using either the thermal partition function (response to heating) or twisted (signed)
partition function (response to spatial squeezing).
Z(β) ≡ tr[e−βH ] ≡ ZB + ZF (thermal) (3.2)
Z˜(L) ≡ tr[e−LH(−1)F ] ≡ ZB − ZF (spatial) (3.3)
where β and L are the size of the thermal and spatial S1, respectively. Here (−1)F is fermion
number modulo two, grading the Hilbert space H = B ⊕ F , where states in the bosonic sub-
space B contribute with a plus sign and states in the fermionic subspace F contribute with
a minus sign. In the supersymmetric theory, the Nf = 1 case, Z˜(L) is the supersymmetric
Witten index, and in the non-supersymmetric theory, with Nf > 1, as already stated, it
probes the phase structure as a function of spatial size [8].
The main result of the one-loop analysis of the effective potential for the line operator
(2.34) of the σ-connection holonomy, is
V−[LΩ] =
2
piβ2
∞∑
n=1
1
n2
(−1 + (−1)nNf )(|tr LΩn| − 1) (thermal) (3.4)
V+[
LΩ] = (Nf − 1) 2
piL2
∞∑
n=1
1
n2
(|tr LΩn| − 1) (spatial) (3.5)
This result is remarkable because it indicates a sharp quantitative difference between thermal
and spatial compactification.9 10 In particular, in the thermal case, the minimum of one-loop
9Despite its simplicity, to our knowledge, this effective potential is new in CPN−1 . The reason is that the
natural variable in terms of which this potential is expressed, LΩ, the line operator (2.34) associated with the
holonomy of the σ-connection, is also new.
10 The form of the one-loop potentials, V±, can be deduced on physical grounds. First, it must be order
N in the large-N limit. Hence, at leading order, it must be a sum over single-trace operators tr LΩn with
order one coefficients. Second, it must be invariant under center symmetry tr LΩn → ei 2pinkN tr LΩn. Since
center-symmetry is a symmetry of the compactified microscopic theory, it must also be a symmetry of the
effective potential. One more piece of information is that for Nf = 1, the theory is supersymmetric N = (2, 2)
theory, and the potential V+[
LΩ] = 0 to all orders in perturbation theory. This dictates V+[
LΩ] = (Nf −
1) 1
L2
∑∞
n=1 an|tr LΩn| in the spatial case (3.5).
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potential (3.4) is
LΩthermal0 = e
i 2pik
N

1
1
. . .
1
 , (thermal) (3.6)
where k labels the center-position of the lump of eigenvalues. This means that the eigenphases
of the holonomy attract each other. See Fig. 1a. We identify this regime as the deconfined
center-broken phase.
The moral behind spatial circle compactification is the absence of thermal fluctuations,
and only the presence of zero temperature quantum fluctuations. A new phenomenon occurs,
with far-reaching consequences. The minimum of the one-loop potential (3.4) is located at
LΩspatial0 =

1
ei
2pi
N
. . .
ei
2pi(N−1)
N
 , (spatial) (3.7)
This means that the eigenphases of the holonomy repel each other. See Fig. 1b. This simple
result is the analog of the “adjoint Higgsing” at weak coupling of gauge theories, and is ulti-
mately responsible for the rest of this paper: continuity between the small and large-S1 regimes
in the sense of center-symmetry, the fractionalization of 2d instantons to 1d kink-instantons,
realization of semi-classical renormalons, and identification of the resurgent structure in the
CPN−1 model.
Note that the analog of this sharp quantitative difference between the one-loop potentials
(3.4) and (3.5), based on either thermal or spatial compactification, has been obtained previ-
ously in 4d gauge theories in [80], and employed in [8, 9, 17] to build a reliable semi-classical
expansion for non-perturbative effects in gauge theory. We see that a parallel structure
emerges in CPN−1 .
Another reason why the spatially twisted partition function Z˜(L) is more useful than
Z(β) for semi-classical analysis is that the counter-part of the density matrix, which we may
refer to as the “twisted density matrix”, is not positive definite for Z˜(L). The usual density
matrix that enters the study of Z(β) is positive definite, and is ultimately responsible for
Hagedorn instability. If, for example, ρ(E) = ρB(E)+ρF (E) ∼ eβ∗E , at large-E, then Z(β) =∫∞
dE e(β
∗−β)E diverges for β < β∗, indicating an instability towards the deconfinement
phase transitions. On the other hand, with the twisted partition function, ρ˜(E) = ρB(E) −
ρF (E), and even if the theory has exponential growth of states in both bosonic and fermionic
Hilbert spaces, the twisted partition function Z˜(L) =
∫∞
dE (ρB(E) − ρF (E))e−LE may be
tame. The fact that the center-symmetry is unbroken in the small-S1 regime for periodic
compactification can be traced to the non-positivity of the twisted density matrix.
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3.1 Thermal compactification: Center instability
For the Nf = 0 case, there is no distinction between the thermal and spatial compactification,
and the minimum of the one-loop potential is at a center-broken configuration in the small S1
regime. We can verify the correctness of the one-loop potential (3.4) by independent means,
using basic statistical mechanics.
The minimum of the one-loop potential (3.4) is at (3.6), LΩ = 1. The value of the
potential at the minimum must give the leading order free energy density (or minus the
pressure, P ) of the hot CPN−1 model:
F = V−[LΩthermal0 ] =
2
piβ2
(N − 1)
∞∑
n=1
1
n2
= − 2
piβ2
(N − 1)ζ(2) = −(2N − 2)pi
6
T 2 (3.8)
By comparison, a direct calculation using a non-interacting gas of bosons gives the same
leading order result:
F = (2N − 2)T
∫
dp
2pi
log(1− e−β|p|) = −(2N − 2)pi
6
T 2 (3.9)
This is just the Stefan-Boltzmann result: the number of degrees of freedom (2N − 2) times
the Stefan-Boltzmann factor per bosonic quanta, which is pi6T
2.
For the thermal theory with fermions, the analysis is similar. The free energy density
can be found either by evaluating the one-loop potential at its minimum Ω = 1, or by using
statistical physics,
F = (2N − 2)T
(∫
dp
2pi
log(1− e−β|p|)−Nf
∫
dp
2pi
log(1 + e−β|p|)
)
(3.10)
Using
∑∞
n=1
(−1)n
n2
= − ζ(2)2 , the free energy density can be written as
F = −(2N − 2)pi
6
(
1 +
Nf
2
)
T 2 (3.11)
The factor of 1/2 in front of the fermion number arises due to Fermi-Dirac statistics. This is
again the expected Stefan-Boltzmann free energy of the system.
The O(N1)-free energy implies that the high-temperature [i.e., small-S1β] regime of the
CPN−1 model is in the deconfined phase. At large-S1β, the theory is expected to be in the
confined phase with an O(N0) free energy. The transition must take place at a critical
(inverse) temperature βc = aΛ
−1 where a is a pure O(1) number. The rapid-cross over
between these two regimes at finite-N becomes a sharp phase transition at N = ∞. The
phase transition to the deconfined phase is interesting in its own right. However, since the
small and large S1β regimes are different phases, the information gained in the small circle
regime does not help to understand the dynamics in the confined large S1β phase. In the large
S1β regime, where the theory is confined, and a strong coupling center-symmetric σ-connection
holonomy (See Fig. 1c.) is operative, one cannot use semi-classical methods due to strong
coupling. What is needed is a weak-coupling semi-classical regime which is continuously
connect the the strong-coupling regime. This would indeed provide a semi-classical way to
study the 2d non-perturbative dynamics.
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3.2 Spatial compactification: Center stability
We re-write the holonomy dependent part of the one-loop potential (3.5) in the eigenvalue
basis for Nf > 1:
V+[Ω]piL
2
2(Nf − 1) =
∞∑
n=1
1
n2
∣∣∣ N∑
j=1
ei2pinµj
∣∣∣ , 2piµj ≡ (φj(0)− φj(L)) (3.12)
The right hand side is non-negative definite. Because of the 1/n2 in the prefactor, the mini-
mization is achieved by first minimizing |tr (LΩ)|, then |tr (LΩ2)|, and all the way |tr LΩbN2 c|,
where bxc is the floor function, the largest integer not greater than x. Going all the way to
bN2 c is both necessary and sufficient to lift all possible vacuum degeneracies, and one will not
gain more by going to higher orders. This procedure determines the global minimum of the
potential given in (3.7).
The one-loop potential (3.5) has a non-trivial dependence on the number of flavors, in
close analogy with QCD(adj) with Nf Majorana fermions in 4d [80].
• Nf > 1: the one-loop potential generates a repulsive interaction between the eigenvalues
of the holonomy LΩ as can be read-off easily from (3.12) and the center symmetry is
preserved. Namely, the minimum of the potential is at (3.7) or
tr LΩn = 0, for n 6= 0 mod(N) (3.13)
• Nf = 1: The one-flavor theory is the supersymmetric N = (2, 2) CPN−1 model. The
perturbative potential vanishes at one loop order, and also to all orders due to super-
symmetry. Despite this, we later demonstrate that there is a non-perturbatively induced
potential stabilizing the center-symmetry. Thus, in the Nf = 1 case, (3.7) is also the
center-symmetric vacuum of the theory.
• Nf = 0: In the purely bosonic theory, since there is no difference between the spatial
and thermal compactification, the center symmetry is always broken at small S1. Below,
we discuss how to go around this obstacle, either by using deformation or by integrating
out heavy fermions.
3.3 Deformed-CPN−1 and massive fermions
Consider the theory with Nf fermions with mass m. Then, the one-loop potential with
periodic boundary conditions for fermions takes the form
V+[Ω] =
2
piL2
∞∑
n=1
1
n2
[−1 +Nf (nLm)K1(nLm)] (|tr LΩn| − 1) . (3.14)
where K1(z) is the modified Bessel function. In the heavy and light fermion asymptotes,
K1(z) ≈
√
pi
2z e
−z, z →∞, and K1(z) ≈ 1z , z → 0, so that (3.14) reduces to (3.5) with Nf = 0
and (3.5) with Nf ≥ 1 respectively.
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Provided mLN . 1, the center symmetry will be stable. This condition can be achieved
at fixed-N and fixed-L, if m is taken to be sufficiently small. This can be viewed as a small
mass perturbation of the theory with massless fermions.
A far more interesting (and at first glance, counter-intuitive) case arises as follows. Take
m  Λ, so large that it is practically decoupled from the dynamics on R2. This theory on
R2 emulates the pure bosonic theory, and when compactified, indeed, has a center-breaking
phase transition at Lc = aΛ
−1, as in pure bosonic CPN−1 model. However, if one makes L
sufficiently small, eventually one will achieve mLN . 1, so that the center symmetry will
stabilize. In other words, provided the hierarchy of scales,
Λ m . 1
LN
(3.15)
m is heavy with respect to Λ, but light with respect to 1/LN . The corresponding small-S1
theory is a bosonic, center symmetric theory. Therefore, we can also consider the dynamics
of bosonic center-symmetric theory at small-S1.
Inspired by the massive-fermion induced stabilization, and deformed Yang-Mills theory
[12, 13] compactified on R3 × S1, we can construct a deformed CPN−1 model (or dCPN−1 ).
The deformed model at small-L, should be viewed as the analytic continuation of the confined
phase of large-L undeformed CPN−1. The action of the deformed model is
SdCP = S + ∆S, ∆S =
2
piL2
bN/2c∑
n=1
an
n2
(|tr LΩn| − 1), (3.16)
where an = O(N
0) are sufficiently large pure numbers, and bxc is the integer part of x. For
example, one may take an = 2, twice in modulus the value of the perturbative one-loop result.
The deformation respects all the symmetries of the original theory. In the small-S1 domain,
it guarantees unbroken center-symmetry and semi-classical calculability.
3.4 Is large-N volume independence possible in a σ-model?
A class of non-abelian gauge theories, for example an SU(N) theory, when studied on toroidal
compactification of Rd, has properties independent of the compactification radius, provided
center-symmetry and translation symmetry are not spontaneously broken. This property
is called large-N volume independence or Eguchi-Kawai reduction [79, 80]. When center-
symmetry is unbroken, then, in the reduced theory, the space-time or momenta are encoded
into the gauge structure of the non-abelian theory. Vector models are, to our knowledge, not
discussed in the volume independence context, because they do not possess a non-abelian
gauge structure. In the CPN−1 model, for example, the gauge structure is U(1), and to an
expert in volume independence, even talking about the possibility of having volume inde-
pendence may sound absurd. However, we suggest here that the CPN−1 models should also
exhibit volume independence, provided, (i) center-symmetry is unbroken for the toroidally
compactified theory, (ii) translational invariance is not spontaneously broken for the theory
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on R2. We expect the latter to hold in a Lorentz invariant theory. In this work, we have
showed that CPN−1 model with multiple-fermions endowed with periodic boundary conditions
do not break their center-symmetries.
In this subsection, we give an intuitive plausibility argument for volume independence
in CPN−1 . Since there is no non-abelian gauge structure in CPN−1 , there must be a new
mechanism to generate space-time or momenta out of the reduced model. Indeed, there is,
and this requires an interpretation of the vev that we obtained for the line operator (2.34).
The key physical idea is that the vev of the order parameter (2.34), provided center-symmetry
is unbroken, generates momentum feeding into the system in units of 2piµkL =
2pi k
N L , with k ∈ Z,
which behave like fractional momenta with respect to the ”standard” Kaluza-Klein momenta
2pik
L , with k ∈ Z.
/(     )/(     )
π L2  /
π2 NL
π L2  /π
π π π
0 00
L2  /
L4  / L
π NL
L4  / 4  /
4
(c) Center−symmetric     (a) Center−broken 
N
(b) Center−symmetric     
→ ∞
Figure 3. The perturbative spectrum of the CPN−1 theory as a function of the background σ-
connection holonomy. (a) Weak-coupling trivial holonomy (as well as classical theory) gives the usual
2pi/L level spacing. (b) Weak-coupling non-trivial holonomy (ZN symmetric background) at finite-
N produces a finer level spacing. (c) ZN symmetric background at N = ∞ leads to a continuous
spectrum. Classically, the background for the σ-connection holonomy is equivalent to twisted boundary
conditions on CPN−1 fields. For Nf ≥ 1 theories, quantum mechanically, (b) and (c) are stable upon
spatial compactification and (a) is stable upon thermal compactification. To achieve (b) and (c) in
the Nf = 0 case, we deform the CPN−1 Lagrangian appropriately. (b) admits a semi-classical analysis
of the confined regime at finite N , and (c) satisfies large-N volume independence at N = ∞. (a) is
not suitable for the semi-classical study of the confined regime/phase.
As described in Section 2.1, the spatial twist in the boundary condition can be removed
in favor of a background σ-connection holonomy. The form of the Kaluza-Klein spectrum is
crucially dependent on the choice of twist matrix LΩ or equivalently, the background field
in the modified action (2.21). In the center-broken case (3.6), LΩ = 1, Fig. 3 a depicts the
KK tower with momenta and spacing at integer multiples of 2pi/L. Each level has an O(N)
degeneracy. This is the analog of the center-symmetry broken regime in gauge theories. In
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this case, the critical length scale that enters the problem is L. At length scales larger than
L, the non-zero frequency modes can be integrated out perturbatively.
In contrast, when a ZN symmetric twist matrix LΩ, as in (3.7), is stable, we find a much
finer KK spectrum with spacing of 2pi/(NL) and O(1) degeneracies. Expanding the periodic
n˜-fields into their KK-modes along the compact direction,
n˜j(x1, x2) =
∑
k∈Z
e
i2pikx2
L n˜j,k(x1) (3.17)
the quadratic terms in the bosonic action take the form
Squad =
2L
g2
∑
k∈Z
∫
dx1
∣∣∣∣(∂1 + i2piL (µj + k)δµ2
)
n˜j,k(x1)
∣∣∣∣2 (3.18)
Therefore, a stable ZN -symmetric background act likes momentum quantized in units of
2pi
LN . Alternatively, the stable twisted boundary conditions shift the the phase acquired by a
excitation propagating around the spatial S1 by the amount 2pijLN for the mode nj,k.
The main observation is that the SU(N) index of the CPN−1 field and the ordinary
Kaluza-Klein momentum index intertwine, and the CPN−1 field nj,k breaks up to into N
distinct pieces with shifted offsets in the frequency quantization. The critical length scale
that enters the problem is NL, and not L. The instanton and kink-instanton effects discussed
in the next section, like the perturbative effects, are sensitive to length scale LN , as opposed
to L.
It is important to note that in the N →∞ limit with fixed L, the perturbative spectrum
of the CPN−1 model with ZN symmetric twist approaches the continuous frequency spectrum
of the decompactified theory theory on R2, as illustrated in Fig. 3c. This is also a property
of gauge theories which satisfy volume independence in the N =∞ limit. In this limit, below
the energy level Λ, perturbatively, there is a continuum band of states. It seems reasonable to
expect that, in analogy with gauge theory, the neutral sector observables in the CPN−1 model
should exhibit volume independence. In this limit, the effects due to compactification are 1/N
suppressed, and the leading large-N behavior of observables, including the non-perturbative
mass spectrum of the theory, must be volume independent. In this regime, the description
in terms of microscopic degrees of freedom is strongly coupled, this is the absence of weak
coupling description of long distance physics in CPN−1 . However, the macroscopic “hadrons”
of the theory should have a weakly coupled description, with couplings controlled by 1√
N
.
Clearly, the relevant length scales in the problem and the approach to the N =∞ limit
are critically dependent on the twist-matrix, Ω. To recap, for CPN−1 on R × S1, with a ZN
symmetric twist matrix LΩ, the physically relevant length scale appearing in finite volume
effects is not L, but rather NL. The theory has two distinct characteristic regimes:
NLΛ
2pi
 1 , semi-classical =⇒ volume dependence; (3.19)
NLΛ
2pi
 1 , strongly coupled =⇒ volume independence. (3.20)
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The techniques of this paper allow us to study the semi-classical limit at arbitraryN , including
the large-N limit by analytical methods. For Nf = 0, we will derive the mass gap in the
semi-classical domain. The result is an exact match to the well-known large-N result on R2.
Furthermore, we will demonstrate explicitly that the positions of the expected renormalon
singularities on R2 for Nf ≥ 1 are the same as the positions of the bion–anti-bion singularities
in the semi-classical domain. These results, together with other features to be discussed in
a future publication, suggest that all qualitative aspects of the volume independence domain
is captured in the semi-classical domain. The results for the mass gap and renormalon pole
positions exhibit also quantitative agreement between the large-N results on R2 and the semi-
classical results in the compactified theory, furthermore providing the microscopic mechanisms
underlying the large-N results.
4 Self-dual configurations
The first part of this section reviews the standard text-book instanton construction for
CPN−1 on R2 [81], and highlights the non-existence of a dilute 2d instanton gas approxi-
mation. Next, on top of our perturbative one-loop analysis on R× S1, we perform a study of
leading semi-classical configurations on R× S1.
4.1 2d instantons in CPN−1
The 2d instanton equations can be obtained by a standard Bogomolnyi factorization of the
action density:
(Dµn)
†Dµn = |(Dµ ± iµνDν)n|2 ∓ i µν∂µ
(
n†∂νn
)
(4.1)
Thus, the self-dual instanton equations are
Dµn = ∓i µνDνn (4.2)
For these instanton solutions, the action saturates the BPS bound:
S =
2
g2
∫
(Dµn)
†Dµn =
2
g2
∣∣∣∣∓iµν ∫ (Dµn)†Dνn∣∣∣∣ ≥ 4pig2 |Q| (4.3)
where Q is the topological charge defined in (2.7). In describing instantons, it is convenient
to define homogeneous coordinates for the CPN−1 fields,
n =
v
|v| ⇒ Aµ =
i
2
(
v†∂µv − ∂µv†v
v†v
)
(4.4)
where v is an N -component column vector; then the instanton equations (4.2) reduce to the
Cauchy-Riemann equations ∂µv = ∓i µν∂νv, which means that v is holomorphic (instanton)
or anti-holomorphic (anti-instanton):
instanton : v = v(z) , anti− instanton : v = v(z) (4.5)
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Then for instanton and anti-instanton solutions we can write
Aµ = ±1
2
µν∂ν ln v
†v (4.6)
On R2, the most general instanton with charge k ∈ N is expressed in terms of a holo-
morphic vector v having entries that are polynomials in z, with maximal degree k, and no
common roots. For example, in CP1on R2, the single instanton can be written
v =
(
1
(z − b)/a
)
⇒ Q = 1
pi
∫
d2x
|a|2
(|a|2 + |z − b|2)2 = 1 (4.7)
There are two complex (four real) moduli parameters entering this solution. The parameter b
characterizes the location of instanton in R2, ρ = |a| encodes the size modulus, and arg(a) is
a U(1) phase of the instanton. More generally, in the CPN−1 model on R2, the 2d instanton
has 2N parameters, associated with 2N zero modes. These are associated with the classical
symmetries of the self-duality equation: two are the position of the instanton (aI ∈ R2) and
arise due to translation invariance, one is the size modulus (ρ ∈ R+) and is associated with
invariance under dilatations, and the remaining 2N − 3 are internal orientational modes.
2N −→ 2 + 1 + (2N − 3) = (aI ∈ R2) + (ρ ∈ R+) + (orientation). (4.8)
This is in analogy with Yang-Mills instantons on R4, where the count is 4N = 4+1+(4N−5),
with parallel physical interpretation.
For the CPN−1 theory on R2, the existence of the size modulus ρ implies that the instanton
comes in all sizes at no cost in action. Therefore, there is no precise sense in which the typical
instanton separation is much larger than the typical instanton size. This prevents, on R2,
a meaningful semi-classical dilute instanton gas from first principles. On R1× S1, we will
propose a way around this obstacle while staying continuously connected to R2.
4.2 Fundamental and affine kink-instantons in CP1
CP1 : First, we discuss the kink-instanton events in CP1, and then give the generalization
to CPN−1 . The CP1 model is locally equivalent to the O(3) non-linear σ-model through the
identification of fields:
~s(x) = n†i~σijnj , s
a(x) = n†iσ
a
ijnj (4.9)
where ~σ are the Pauli matrices. We would like to benefit from this equivalence while in-
corporating the Z2-symmetric background (3.7). It is crucial that this background must be
stable in the quantum theory, and this, as explained in Sections 3.2 and 3.3, can be achieved
in the spatially compactified theory, either by massless fermion-induced mechanism or by
integrating out massive-fermions, i.e, the deformed bosonic theory.
Let us, as before, trade the twisted boundary conditions in favor of a stable background
field: Using (2.19) for CP1, we have(
n1
n2
)
=
(
ei
2piµ1x2
L
ei
2piµ2x2
L
)(
n˜1
n˜2
)
=
(
ei
2piµ1x2
L
ei
2piµ2x2
L
)(
e−iφ/2 cos θ2
e+iφ/2 sin θ2
)
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= ei(−φ2 + 2piµ1x2L ) cos θ2
e
i
(
+φ
2
+
2piµ2x2
L
)
sin θ2
 , θ ∈ [0, pi], φ ∈ [0, 2pi] (4.10)
where θ(x1, x2) and φ(x1, x2) are periodic fields of x2. Now, the sa fields take the form s1s2
s3
 =
 sin θ cos (φ+ ξx2)sin θ sin (φ+ ξx2)
cos θ
 , ξ ≡ 2pi
L
(µ2 − µ1) (4.11)
The Lagrangian obtained in this manner, on R× S1, is given by
S =
2
g2
∫
R×S1L
|Dµni|2 = 1
2g2
∫
R×S1L
|∂µ~s|2 = 1
2g2
∫
R×S1L
(∂µθ)
2 + sin2 θ(∂µφ+ ξδµ2)
2 (4.12)
which is identical to (2.21). As before, the twisted boundary conditions are undone in favor
of a twisted-background ∂2φbackground = ξ.
Since the fields θ, φ entering (2.21) are manifestly periodic, we can reduce this Lagrangian
to simple quantum mechanics by truncating it to its zero Kaluza-Klein mode. (We drop the
higher Kaluza-Klein modes momentarily.) The action of the associated zero mode quantum
mechanics is (this does not capture all the interesting effects, which we will restore momen-
tarily by keeping the relevant KK-modes)
Szero =
L
2g2
∫
R
(∂tθ)
2 + sin2 θ(∂tφ)
2 + ξ2 sin2 θ (4.13)
The equations of motions associated with this action are11:
θ¨ − 1
2
sin 2θ[(φ˙)2 + ξ2] = 0
φ¨+ 2φ˙ cot θ = 0 (4.15)
Setting φ=constant upon which the second equation is satisfied, the first one reduces to the
usual equation for a kink in a one-dimensional problem:
θ¨ − ξ
2
2
sin 2θ = 0 (4.16)
11Setting ξ = 0, this theory reduces to the quantum mechanics of a particle on a sphere S2, and described
the high-temperature deconfined regime of the thermally compactified theory at scales larger than T−1. The
zero mode of the CP1model,
(φ, θ)(τ) : R/Z→ X where R/Z = S1β , X = S2 . (4.14)
is just the quantum mechanics of a particle on X = S2, and more generally, X =CPN−1 . Resurgence in
this type of quantum mechanical system is recently examined by Kontsevich from path integral point of view
[44]. However, the study of resurgence in this quantum mechanics is not the relevant one for the purpose of
understanding the 2d QFT in its semi-classical regime. The quantum mechanical theory relevant to CPN−1 on
R2 is the one in which ξ is nonzero.
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We can find the action of this configuration by using Bogomolny’s method: Let V (θ) = (W ′)2
where W = ξ cos θ. Then
Szero =
L
2g2
∫
R
(θ˙)2 + (W ′)2 = L
2g2
∫
R
[
(θ˙ ±W ′)2 ∓ 2θ˙W ′
]
≥
∣∣∣∣ Lg2
∫
dW
∣∣∣∣ (4.17)
The kink-instanton, which we refer to as K1, (Kj in the general case), satisfies the first order
differential equations θ˙ ±W ′ = 0, or θ˙ ± ξ sin θ = 0. Differentiating this equation once with
respect to Euclidean time, we recover (4.16). Using
∫
dW = 2ξ for the kink interpolating
from θ = 0 to θ = pi, we find the action of the K1 kink-instantanton as
K1 : S1 = L
g2
(2ξ) =
4pi
g2
× (µ2 − µ1) ≡ SI × (µ2 − µ1) = SI
2
(4.18)
In the last step, we used the actual value of the background µi. The action of the kink is half
that of the 2d instanton. The fact that the action of the kink is determined by the separation
between the eigenvalues of the LΩ matrix (3.7) holds more generally. The kink configuration
is an interpolation between Euclidean times x1 = ∓∞
K1 :
(
n˜1
n˜2
)
(−∞) =
(
1
0
) (
n˜1
n˜2
)
(+∞) =
(
0
1
)
(4.19)
and we denote its anti-kink by K1.
The kink-instanton has two-zero modes associated with the two-global symmetries of the
quantum mechanics:
• The position modulus a ∈ R associated with translational invariance along x1 direction,
• Angular modulus φ ∈ U(1) associated with the shift symmetry φ→ φ+ c of the action
(4.13). Note that the one-loop potential (3.14) in terms of the holonomy Ω, given in
(2.34), also respects the shift symmetry, as it depends on φi as φi(x1, 0) − φi(x1, L),
always as in a difference equation, despite the fact that it is not strictly derivatively
coupled.
The angular modulus is reflected in the classical Euclidean equations of motions (4.15) as the
choice φ =constant.
Affine kink-instanton: Ordinarily, when one performs dimensional reduction of a QFT,
the Kaluza-Klein modes which carry momenta in compact direction by an amount 2piL decou-
ples, as it takes a divergent amount of energy to excite the modes associated with it. However,
and although not appreciated broadly, when certain conditions are satisfied, such as unbroken
center-symmetry as in gauge theory or CPN−1 , this argument is invalid. This is discussed in
Section 3.4. Fig.3b and Fig.3c are manifestations of this fact. In particular, the lightest mode
which may be instrumental in the low-energy dynamics may be hidden in the first KK-mode
(not the zeroth KK-mode).
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In finding the kink-instanton solution in (4.12), we reduced the periodic fields n˜1 and n˜2
to their zero momentum mode sector, and this leads to (4.13) and the ensuing kink-instanton
solution with charge Q = µ2 − µ1. Instead, now, use(
n1
n2
)
=
 ei(−φ2 + 2piµ1x2L ) cos θ2
e
i
(
+φ
2
+
2pi(−1+µ2)x2
L
)
sin θ2
 , (4.20)
which carries a single extra unit of KK-momentum in the x2 direction. Now, substitute this
into the CP1 action in (4.12). Then, dimensionally reduce the corresponding Lagrangian
down to QM, by declaring the fields θ, φ entering (4.20) to be independent of the compact
spatial x2 coordinate. The resulting action is,
Sfirst =
L
2g2
∫
R
(∂tθ)
2 + sin2 θ(∂tφ)
2 + (ξ′)2 sin2 θ, ξ′ =
2pi[−1 + (µ2 − µ1)]
L
(4.21)
The kink (not anti-kink) solution of (4.21) interpolates from pi to 0,
K2 :
(
n˜1
n˜2
)
(−∞) =
(
0
1
)
,
(
n˜1
n˜2
)
(+∞) =
(
1
0
)
(4.22)
and has topological charge and action
Q = 1− (µ2 − µ1) = 1
2
, S2 =
L
g2
|2ξ′| = 4pi
g2
× (1− (µ2 − µ1)) = SI
2
(4.23)
It is important to note that K2 is not the same as K1. In particular, K2 is not an anti-kink,
as it has positive topological charge.
The simplest way to see these differences is to artificially deviate µ1 − µ2 from 12 . Then,
the action of K1 and K1 remain the same, and the actions of K2 and K2 are the same, but
these are not equal to each other. At µ1 − µ2 = 12 the two types of kink configurations
is distinguished by their topological charges, or equivalently, by the Θ-dependence of the
associated amplitudes. These will be discussed in more detail when we discuss the role of the
Ki-events in dynamics.
To summarize, the leading self-dual kink configurations in CP1are:
K1 : [θ : 0→ pi] , Q = 12 , K1 : [θ : pi → 0] , Q = −12
K2 : [θ : pi → 0] , Q = 12 , K2 : [θ : 0→ pi] , Q = −12 (4.24)
There actually exists an infinite tower of both types of kinks, with higher topological charge,
and identical asymptotes. This tower may be useful to establish a duality between the parti-
cle/soliton topological defects on R1,1 and kink-instanton topological defects on R×S1L along
the lines of [53]. This direction will be pursued separately.
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4.3 Embedding CP1 kink-instantons into CPN−1
In the presence of a quantum mechanically stable twisted background or equivalently, twisted
boundary conditions in the compact spatial x2 direction, we find that a sufficiently large 2d
instanton with Q = 1 in CPN−1 decomposes into up to N constituent kink-instantons, each
of which carry Q = 1N . More precisely,
ρ < LN  Λ−1 small-instanton, no fractionalization
LN . ρ Λ−1 large-instanton, fractionalization to kinks (4.25)
The observation regarding fractionalization of 2d instantons in CPN−1 recently appeared in in-
teresting works [60–62] for the thermally compactified theory, and part of our current analysis
has been inspired by these results. However, as noted earlier, our work differs from [60–62] in
the sense that we consider a zero temperature spatial compactification, and consequently, the
ZN -symmetric background is stable against quantum fluctuations, as opposed to the thermal
case in which the ZN -symmetric background is unstable against thermal fluctuations.
Kink-instantons in CPN−1 can be constructed by embedding CP1 kink-instantons into
CPN−1 . The fundamental and affine kinks are characterized by the simple and affine roots of
SU(N) algebra. This mimics the construction of SU(N) BPS monopole-instantons on R3×S1
from fundamental monopoles by the embedding of SU(2) monopoles, again characterized by
roots of SU(N), including the affine root.
For CPN−1 , in order to describe the kink-instantons, it is convenient to use complexified
hyper-spherical coordinates (2.22), with φi ∈ [0, 2pi) and θi ∈ [0, pi]:
n˜ =

eiφ1 0 0 . . . 0
0 eiφ2 0 . . . 0
0 0 eiφ3 . . . 0
...
0 0 0 . . . eiφN


cos θ12
sin θ12 cos
θ2
2
sin θ12 sin
θ2
2 cos
θ3
2
...
sin θ12 sin
θ2
2 sin
θ3
2 . . . sin
θN−1
2

n =

ei
2piµ1x2
L 0 . . . 0
0 ei
2piµ2x2
L . . . 0
...
0 0 . . . ei
2piµNx2
L
 n˜ (4.26)
This representation makes it easy to see that there is a kink-configuration for each simple
root of the SU(N) algebra.
Embedding ansatz: Perform the following truncation which reveals the existence of
kink-instantons:
θ1 = . . . = θk−1 = pi, θk = θk(x1), θk+1 = 0, {θk+2, . . . , θN−1} → arbitrary (4.27)
Substituting this into the action (2.21),
S = L
2g2
∫
R(∂tθk)
2 + sin2 θk[∂t(φk+1 − φk)]2 +
(
2pi(µk+1−µk)
L
)2
sin2 θk (4.28)
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which can be identified with (4.13) with simple matching, θk ≡ θ, (φk+1−φk) ≡ φ, 2pi(µk+1−µk)L ≡
ξk. This is the embedding of the CP1 kink into CPN−1 , in analogy with the embedding of
the SU(2) monopole-instanton into SU(N).
The asymptotic values of the n˜ configurations are
Kk : n˜(−∞) =

0
...
1
0
...
0

= ek , n˜(∞) =

0
...
0
1
...
0

= ek+1 , eN+1 ≡ e1, k = 1, . . . , N (4.29)
The differences of the asymptotes are associated with the simple and the affine co-root of the
SU(N) algebra and can be used to uniquely label a kink event:
Kk : ∆n˜ = n˜(∞)− n˜(−∞) =

0
...
−1
+1
...
0

= ek+1 − ek ≡ αk , k = 1, . . . , N(4.30)
The action of the kink-instanton Kk can easily be obtained by using (4.18) and (4.28)
Kk : Sk = L
g2
(2ξ) =
4pi
g2
× (µk+1 − µk) = SI
N
, k = 1, . . . , N (4.31)
where in the last-step, we used the center-symmetric background (3.7). The crucial point
here is that the action of the kink-instanton is 1/N of the action of the 2d-instanton. This
will play a major role in the determination of the mass gap and the renormalon structure in
the semi-classical domain.
4.4 Small thermal circle: non-fractionalization of 2d instantons
As discussed in the Introduction in Section 1.2, thermal compactification does not permit one
to smoothly connect weak-coupling semi-classical results to the strong-coupling phase. To
further clarify this point, directly in the context of the CPN−1 model, consider for example
the simplest, untwisted, Q = 1 instanton for CP1, where the second component of the homo-
geneous CPN−1 coordinate v (4.4) is a first order polynomial in e−
2pi
L
z (the formulas here are
for spatial compactification, which we apply later, but the formulas are not important for the
point we wish to make here):
v =
(
1
λ1 + λ2 e
− 2pi
L
z
)
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v†v = 1 + |λ1|2 + |λ2|2e− 4piL x1 + 2|λ1λ2|e− 2piL x1 cos
(
2pi
L
x2 − argλ1 + arg λ2
)
(4.32)
The corresponding topological charge density q(x1, x2) =
1
2pi µν∂µAν is plotted in Figure 4 for
various values of the λ parameters. For large |λ1| the instanton looks like a single instanton
in R2, while for small |λ1| it looks like the topological charge for a kink in the non-compact x1
direction. In fact, when λ1 = 0, v
†v is independent of the compact coordinate x2, so A1 = 0,
Figure 4. The topological charge density of the single untwisted CP1 instanton (4.32) on R1×S1at
fixed λ2 = 1 and L = 1. The plots are for λ1 = 10, λ1 = 1/10, and λ1 = 1/100, respectively. The
fractionalization of the instanton does not occur for an untwisted background.
and A2 has a characteristic kink profile:
A2 =
1
2
∂1 ln v
†v =
pi
L
[
tanh
(
2pi
L
(
x1 − L
2pi
ln |λ2|
))
+ 1
]
(4.33)
q =
pi
L2
sech2
(
2pi
L
(
x1 − L
2pi
ln |λ2|
))
(4.34)
This change in the form of the single instanton occurs because the compact direction sets a
maximal size for an instanton, and so a small instanton looks like an instanton on R2, while
a large instanton looks like a 1d kink. However, as noted above, in quantum theory, this
effect should only be trusted when β < Λ−1, as emphasized in (1.4). In the low-temperature
confined phase, we must use a center-symmetric holonomy, as opposed to (3.6). However,
in strong coupling, the eigenvalues of (2.34) are strongly fluctuating and a weak coupling
analysis is not applicable.
On the other hand, we have already shown that a ZN -symmetric twist is stable in a
compact spatial direction, at small–S1L. The difference between the weak-coupling center-
symmetric regime and the strong coupling center-symmetric regime is analogous to the weak
coupling adjoint Higgs regime vs. the strongly coupled “unbroken” regime of gauge theories on
R3×S1L [12]. In other words, the role of the global part of the SU(N) gauge symmetry in gauge
theory on R3×S1 is played by the SU(N)-global symmetry in the CPN−1 model. In particular,
in the quantum theory at large-β [low temperature] one cannot just use the weak coupling
center-symmetric configuration (3.7) to reveal the kink-constituents of a 2d instanton. Doing
so naively, would result in a fractionalization of instantons at a scale β > Λ−1, however,
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there is no clear interpretation of what an instanton with size modulus ρ ∼ β > Λ−1 actually
means. No such semi-classical configuration actually exists.
4.5 Small spatial circle: fractionalization of 2d instantons
We have already shown in Section 4.2 that the theory in a ZN symmetric background at weak
coupling has N -types of elementary kink configuration with action S0 =
SI
N . In this section,
we re-derive this result in an alternative way. We show that a 2d instanton decomposes into
N kink-instantons in the presence of a stable ZN symmetric spatial twist.
Returning to the CP1 example, we now incorporate a spatial twist by multiplying the
second component of the homogeneous coordinate (4.4) v2 by a factor e
2pi
L
µ2 z, where µ2 = 1/2,
vtwisted =
(
1(
λ1 + λ2 e
− 2pi
L
z
)
e
2pi
L
µ2 z
)
(4.35)
To satisfy the twisted boundary condition (2.16) it would be enough to take a factor e
2pii
L
µ2 x2 ,
but for an instanton v must be holomorphic, so we need to take e
2pi
L
µ2 z, which therefore
prescribes also a certain dependence on the non-compact direction x1. This is the essence of
how the twisted spatial boundary conditions affect the structure of instantons on R1×S1.
The twisted instanton (4.35) has charge Q = 1, but at long distances it splits into
two distinct kink-instantons, each of charge 1/2. In general, for CPN−1 a charge Q = 1
decomposes into N distinct kink-instantons, each of topological charge 1/N . To see how this
works for the twisted CP1 instanton in (4.35), note that
v†twistedvtwisted = 1 + |λ1|2e
2pi
L
x1 + |λ2|2e− 2piL x1 + 2|λ1λ2| cos
(
2pi
L
x2 − argλ1 + arg λ2
)
(4.36)
A1 is manifestly periodic in x2, so it does not contribute to the topological charge. On the
other hand,
A2 =
1
2
∂1 ln v
†v =
pi
L
|λ1|2e 2piL x1 − |λ2|2e− 2piL x1
1 + |λ1|2e 2piL x1 + |λ2|2e− 2piL x1 + 2|λ1λ2| cos
(
2pi
L x2 − argλ1 + arg λ2
) (4.37)
Thus, A2 → ± piL as x1 → ±∞, and so Q = 1. However, inspection of the form of A2 shows
that A2 behaves like two separate kinks, each of charge 1/2, one located at x1 ≈ −Lpi lnλ1,
and the other at x1 ≈ Lpi lnλ2. The corresponding topological charge densities are plotted in
Figure 5.
Another useful way to visualize these kink-instanton constituents is using the Wilson loop
(2.33). As the Euclidean time coordinate x1 goes from x1 = −∞ to x1 = +∞, the Wilson
loop winds around on a unit circle. For the twisted Q = 1 CP1 instanton in (4.35), the
Wilson line W (x1) is plotted in Figure 6. A small instanton on R× S1L behaves like a single
instanton on R2, and winds fully around the circle. A sufficiently large instanton, on the other
hand, decomposes into its two constituents, each of which winds half-way around the circle,
but displaced from one another in the non-compact x1 direction. The CP2 case (N = 3) is
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Figure 5. Small and large Q = 1 instantons in CP1in a weak coupling center-symmetric background.
Large instantons split into two Q = 12 instantons.
Figure 6. The Wilson loop for a small Q = 1 instanton is shown in purple. The large instanton
splits into two separate kink-instantons. Each wraps half-way around the cylinder.
illustrated in Figures. 7 and 8. Again, the small instanton is essentially the same as a small
instanton on R2, however, the large-instanton splits into three constituent kink-instantons,
each of which has topological charge Q = 13 .
4.6 Matching and reinterpreting the bosonic zero modes
As reviewed in Section 4.1, in the CPN−1 model on R2, the 2d instanton zero modes are
associated with the classical symmetries of the self-duality equations: 2 are the position of
the instanton (aI ∈ R2) and arise due to translation invariance, one is the size modulus
(ρ ∈ R+) and is associated with invariance under dilatations, and the remaining 2N − 3 are
internal orientational modes. This is equally true for the small instantons (4.25) on R× S1L:
2N
short-distance−−−−−−−−→ 2 + 1 + (2N − 3) = (aI ∈ R2) + (ρ ∈ R+) + (orientation). (4.38)
As emphasized earlier, for the theory on R2, the existence of the size modulus ρ implies
that the instanton comes in all sizes at no cost in action, and prevents a meaningful long-
wavelength description of a dilute instanton gas from first principles. However, in the small
R1×S1 regime of CPN−1, the instanton has a maximal size set by the eigenvlaue separation of
the holonomy matrix LΩ. In this regime, and at long distances, the 2-d instanton is described
as a composite of N separate 1d kinks. The 2N bosonic zero modes of the 2-d instanton on
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Figure 7. Same as Fig.5, but now for CP2. Large instantons split into three Q = 13 kink-instantons,
as the scale changes.
Figure 8. Same as Fig.6, but now for CP2. The large instanton splits into three separate kink-
instantons, as the scale changes.
R2 matches the counting of the zero modes of the N kinks of the theory on R × S1. Each
kink has two zero modes: One is the position of the kink, and arises due to translational
invariance, and the other is an angular zero mode, associated with an internal symmetry.
Therefore, the 2N collective coordinates split as
2N
long-distance−−−−−−−−→ N [1 + 1] = N [(a ∈ R) + (φ ∈ U(1))]. (4.39)
In particular the size modulus of the 2-d instanton is no longer present in the long distance
description of the CPN−1 on small R× S1. This permits a meaningful dilute gas expansion.
Collective coordinates of kink-instantons: The one-loop measure for integrating
over configurations of a type-j kink-instanton is
dµjBdµ
j
F = e
−Sj · da dφ
(2pi)
Nf∏
f=1
d2ξf · µ2−Nf · JaJφ(Jξ)−Nf ·
[
det′(−D2j )
]Nf−1 .
• a ∈ R is the kink-instanton position, φ ∈ U(1) is an angle, ξf are the Grassmann-valued
fermionic zero modes.
• µ is the (Pauli-Villars) renormalization scale. Each bosonic zero mode gives a contribu-
tion proportional to µ and each Grassmann zero modes gives a contribution proportional
to µ−1/2, yielding µ2−Nf .
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• The collective coordinate Jacobians for bosonic and fermionic coordinates are: Ja =
S
1/2
j , Jφ = LS
1/2
j [2piαj(ϕ)]
−1 =
LNS
1/2
j
2pi , Jξ = 2Sj .
• The primed determinant is the result of integrating over the Gaussian non-zero modes.
When Nf = 1, the bosonic and fermionic primed determinants cancel precisely due to
supersymmetry and the absence of non-compact scalars. This also helps us to deduce
the result for general Nf .
The regularized (primed) determinant in the background of a type-j kink-instanton de-
pends linearly on the renormalization scale, det′(−D2) ∼ µ. Since the the fields of a type-j
kink-instanton reside entirely within a CP1 sub-manifold of CPN−1 , the only scale which ap-
pears in the classical equations is 2piαj(ϕ)/L =
2pi
LN . Since the determinant is dimensionless,
it must therefore have the form
[det′(−D2)]Nf−1 = CNf−1
(
µLN
2pi
)Nf−1
, (4.40)
where C is a pure number of order one.
• The exponent of the renormalization scale µ coming from the collective coordinates
µ2−Nf and from integrating out non-zero modes (the primed determinant) µNf−1 com-
bine to give, (also keeping the exponential of the kink-action)
µ2−Nf︸ ︷︷ ︸
zero−modes
× µNf−1︸ ︷︷ ︸
UV−det′
e−S0 ∼ µe−SI/N (4.41)
• Putting this all together, and realizing that at the center-symmetric vacuum, Sj = S0 =
SI
N , the one-loop type-j kink-instanton measure can be written as
dµBdµF =
CNf−1
pi
µe−S0
(
LN
2pi
)Nf
S
1−Nf
0 dadφ
Nf∏
f=1
d2ξf , (4.42)
Consequently, the kink-instanton amplitude takes the form (neglecting interactions among
kinks) Kj ∼ µ e−S0 in the bosonic theory, and Kj ∼ µe−S0ψ2Nf in the theory with fermions.
The crucial point is the appearance of the renormalization group invariant scale µ e−S0 = Λ
through the kink amplitudes, and Λ2 through the charged and neutral bion amplitudes.
The product of the amplitudes of N types of kink-instantons produces I2d ∼
∏N
j=1Kj ∼
µNe−NS0 = µβ0e−SI = Λβ0 , as expected, the 2d instanton factor, ΛN . The kink and bion
amplitudes will be crucial crucial in understanding the microscopic origins of various observ-
ables in CPN−1 models, such as the non-perturbatively induced mass gap, chiral symmetry
realization and the renormalon singularity structure.
4.7 1-defects: Kink-instantons
We have seen in Section 4.3 that in the CPN−1 model on R × S1L, there are N types of
elementary kink-instanton events associated with the simple and affine co-roots of the SU(N)
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algebra. The vacuum of the theory, surprisingly, is the co-root lattice of SU(N), that is the
kink-instanton events are valued in the co-root lattice Γ∨r .
n˜ −→ n˜+ αi, αi ∈ Γ∨r (4.43)
The amplitudes associated with these kink-events in a ZN -symmetric background (3.7) are
given by (ignoring interactions among the kink-instantons),
Kj = exp
[
−SI
N
]
where SI =
4pi
g2
− iΘ, j = 1, . . . , N (4.44)
Since Θ is an angular variable with period 2pi, ΘN does assume N different values. Therefore,
the kink-instanton amplitude associated with each j is already a multi-branched quantity.
fixed−j : Kj = exp
[
− 4pi
g2N
+ i
Θ + 2pi k
N
]
, k = 1, . . . , N (4.45)
Indeed, when we discuss the Θ dependence of observables, such as the vacuum energy density,
mass gap or topological susceptibility, it will be crucial to note the fact that Θ dependence
enters as 1N of the 2d instanton effect and the kink-instanton contributions are multi-branched.
As noted, (4.45) does not take into account the interaction between kinks. This can be
restored by writing the bosonic kink amplitudes as
Kj = e−αj ·Y , j = 1, . . . N − 1,
KN = ηe−αN ·Y , η = e−
4pi
g2
+iΘ
, (4.46)
where
〈e−αj ·Y 〉 = e−
4pi
g2
(µj+1−µj) (4.47)
Y is an N -component complex field, with 2N real variables. It is related to the original
variables as follows:
Y (x1) = ReY (x1)− i ImY (x1) (4.48)
where ReY (x1) = {A2,1,A2,2, . . . ,A2,N} is the N -component sigma-model connection defined
in (2.25), and ImY is an N -component field which accounts for the {θ1, . . . θN−1} induced
interactions, and is non-locally dual to the θ-field. Although both real and imaginary parts of
Y are N -component objects, due to the constraint
∑N
j=1 αj · Y = 0, there are only 2(N − 1)
independent degrees of freedom entering to the N -types of kink amplitudes, which agrees
with the number of degrees of freedom entering to the original n or n˜ fields.
4.8 Index theorem for Fredholm-type Dirac operator on R× S1L
In the theory with Nf fermions, the 2d instanton has 2NNf fermionic zero modes, as dictated
by the Atiyah-Singer index theorem. The number of fermionic zero modes of kink-instantons
is determined by an appropriate modification of the Nye-Singer index theorem, along the
same lines as Refs. [82, 83].
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Here, we give the the index formula for topological excitations on R1×S1 without deriva-
tion:
ind( /D) = dim ker /D − dim ker /D†
=
∫
ch1(F )− 1
2
η[DS1,LΩ] (4.49)
where ch1(F ) denotes the first Chern character, η[DS1,LΩ] is the eta-invariant (spectral asym-
metry) of the one-dimensional Dirac operator at the end of the cylinder (at |x1| =∞) coupled
to the non-trivial σ-connection holonomy. The index is well-defined if and only if the oper-
ator DS1,LΩ is Fredholm, i.e., [
LΩ(∞)− 1] must be invertible, or non-degenerate. Typically,
neither contribution to the index is actually an integer, and yet, the sum always is, as the
index counts the number of fermionic zero modes associated with a kink.
The index theorem can be derived by using axial current non-conservation—an exact
operator identity valid on any two-manifold—and relies on the existence of a σ-connection
holonomy that satisfies the Fredholm condition. The main result is that the index associated
with ki many kinks of type αi in CPN−1 theory with Nf flavors of fermions is given by
ind[k1, k2, . . . , kN ] = Nf
∑
i=1
2ki (4.50)
i.e., each elementary kink-instanton carries 2Nf fermionic zero modes. This result is identical
to the index for the monopole-instantons in QCD(adj) on R3×S1, see Appendix B of [82, 83].
In the Nf = 1 case corresponding to compactified N = (2, 2) theory, each kink-instanton
Kj has two zero modes. The importance of just two zero modes this will be discussed in the
next section. The kink-instanton amplitude in the Nf flavor theory is given by
Kj = e−αj ·Y det
f,f ′
[(αj · ψf−)(αj · ψf
′
+ )] j = 1, . . . N − 1,
KN = ηe−αN ·Y det
f,f ′
[(αN · ψf−)(αN · ψf
′
+ )] η = e
− 4pi
g2
+iΘ
, (4.51)
Note that the product of the N -types of kink-instanton amplitudes gives the action and the
fermion zero mode structure of the the 2d instanton amplitude, namely
N∏
j=1
Kj = I2d (4.52)
The fermion-bilinear in these amplitudes transforms non-trivially under Z2NNf , and is
singlet under Z2Nf , and continuous global symmetries (2.13)
Z2NNf : det
f,f ′
[(αj · ψf−)(αj · ψf
′
+ )] −→ ei
2pi
N det
f,f ′
[(αj · ψf−)(αj · ψf
′
+ )] (4.53)
(Recall the discussion around (2.13), the genuine discrete chiral symmetry, which may be
spontaneously broken is just [ZN ]A and it is broken down to Z1 on R2.) Since the kink-
amplitude only respects the Z1 subgroup of U(1)A, one may wonder if this implies that the
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anomaly free sub-group is Z1 and not ZN . However, this is not so in a way which differs
crucially from QFT on R3×S1L.12 [ZN ]A is an exact symmetry of the quantum theory, which
is broken spontaneously on R2. On small-S1 where the low energy theory is described by a
quantum mechanics, the theory develops N superselection sectors, and in fact, the existence
of N -chirally broken vacua holds at any (finite) S1L.
5 Application: N = (2, 2) CPN−1 theory on R× S1L
The power of the semi-classical transseries expansion, whenever applicable, transcends super-
symmetry, and applies to all QFTs which admit a weak coupling limit. In this section, we
study the dynamics of the supersymmetric theory by using kink-instantons (4.7), the index
theorem (4.49) and basic supersymmetric techniques. This will help us to check the semi-
classical methods applied to topological molecules with the results of the supersymmetric
approach.
As discussed earlier, the one-loop potential (3.5) for the σ-connection holonomy (2.34)
is zero for the supersymmetric N = (2, 2) CPN−1 theory with supersymmetry preserving
periodic boundary conditions for fermions:
V+[
LΩ] = 0 (5.1)
This is true to all orders in perturbation theory because of supersymmetry.
As noted in (4.51), for the Nf = 1 case, each kink-instanton Kj event carries two fermion
zero modes, including the affine-one as a result of the index theorem (4.49). The N types of
kink-instanton amplitudes are given by
Kj = e−αj ·Y [(αj · ψ−)(αj · ψ+)] , j = 1, . . . N − 1,
KN = ηe−αN ·Y [(αN · ψ−)(αN · ψ+)] (5.2)
where we dropped the prefactors for convenience. The existence of two zero modes implies that
such kink-instanton amplitudes can induce a superpotential. The associated superpotential
is
W =
N−1∑
j=1
e−αj ·Y + ηe−αN ·Y (5.3)
12In N = 1 SYM and QCD(adj) on R3 × S1L, the transformation of the fermion bilinear is as in (4.53) and
ZN symmetry is still exact because the “flux” part of the monopole-amplitude transforms in the opposite
direction,
Z2N : e−αj ·Y −→ e−i 2piN e−αj ·Y (4.54)
rendering e−αj ·Y (αj ·ψ−)(αj ·ψ+) a singlet under Z2N symmetry. This is possible because in QFT, σ ≡ ImY (x)
is the dual photon and in the absence of the monopoles, has a shift symmetry, σ → σ+ . This shift symmetry
intertwines and reduces to [ZN ]A in the presence of monopoles. This mechanism is no longer valid on small
R1×S1, because ImY is a massive field at tree level, and there is no analogous shift symmetry to undo the chiral
rotation (4.53). In quantum mechanics, a new mechanism is operative. This requires a separate discussion of
its own.
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which is called the affine Toda superpotential.
The non-perturbatively induced bosonic potential V (Y ) =
∑N
j=1
∣∣∂YjW∣∣2 leads to a ZN -
symmetric ground state, i.e., the same ZN -symmetric background (3.7) as in the Nf > 1
theories. In order to see this, let Vi = αi · Y , and re-write the superpotential as
W =
N−1∑
j=1
e−Vj + η
N−1∏
j=1
eVj (5.4)
The minimum can be found by extremizing the superpotential, which yields
e−Vj = η
N−1∏
j=1
eVj =⇒ e−Vj = η1/N (5.5)
leading to the center-symmetric background
〈Re(Yj+1 − Yj)〉 = 4pi
g2N
, µj+1 − µj = 2pi
N
(5.6)
given in (3.7). This provides a self-consistency condition to the use of semi-classics in super-
symmetric CPN−1 .
The superpotential expanded around the minimum (5.6) can be re-written as
W(〈Yj〉+ Yj) = η1/N
N∑
j=1
e−αj ·Y = η1/N
N∑
j=1
e−(Yj+1−Yj) (5.7)
where we parametrized the fluctuations around the minimum 〈Yj〉 by Yj . Therefore, the
bosonic potential is
V (Y ) =
N∑
j=1
∣∣∂YjW∣∣2 = η2/N N∑
j=1
∣∣e−αjY − e−αj−1Y ∣∣2
= η2/N
N∑
j=1
[
2e−αj(Y+Y
∗) − e−αjY−αj−1Y ∗ − e−αjY ∗−αj−1Y
]
(5.8)
A few interpretational comments are in order:
• The topological configurations (4.51) with Nf = 1, leading to a superpotential, are
1-defects, or kink-instantons.
• The bosonic potential is induced by non-selfdual 2-defects, correlated kink–anti-kink
events, called bions Bii = [KiKi] and Bi,i−1 = [KiKi−1]. These 2-defects do not carry
any fermonic zero modes, hence they are capable of generating a bosonic potential, as
opposed to a superpotential.
• The existence of the semi-classical kink-instantons and bions relies on the ZN symmetric
(or more generally, non-degenerate) background such as (3.7), but not on supersymme-
try. These defects generalize to arbitrary Nf . In Section 6.3 we give a general argument
for the construction of the two-types of bions.
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5.1 Chiral ring and condensate, and mirror symmetry
In order to calculate the chiral condensate, it is useful to introduce a Veneziano-Yankielowicz
(VY) Lagrange multiplier superfield S [54]. Then, the superpotential can be re-written as
W(Vi, S) =
N∑
j=1
e−Vj + S(τ −
N∑
j=1
Vj) (5.9)
Integrating out S, we land on (5.4). Instead, integrating out the Vi super-fields, one obtains
the VY-type superpotential, given by
W(S) = −SN logS − Sτ +NS (5.10)
It is now straightforward to obtain the chiral condensate by using the VY-superpotential.
Integrate out the S -field, which amounts to SN = e−τ , a quantum modified chiral ring
relation, similar to its 4d counterpart [56]. In dimensionful units,
SN = ΛN , S = Λei
2pik
N , k = 1, . . . , N (5.11)
where Λ is the strong scale. The lowest component of S is the chiral condensate.
The chiral condensate can also be recovered as follows. Substituting SN = e−τ into
(5.10), we obtain the superpotential in terms of the holomorphic parameter τ :
W(τ) = Ne−τ/N (5.12)
and the chiral condensate reads 〈ψ+ψ−〉 = −∂τW = e−τ/N . The supersymmetric theory, (as
we will see the non-supersymmetric theories with Nf > 1) possess N -vacua |Ψ0k〉, associated
with spontaneous chiral symmetry breaking:
〈Ψ0k|ψ+ψ−|Ψ0k〉 = Λei
2pik
N , k = 1, . . . , N (5.13)
The affine Toda superpotential (5.9) has been obtained earlier, on R2, by using mirror
symmetry in string theory, see [55]. In our framework, this follows from a simple duality in
quantum mechanics on R × S1L. This duality, in our formulation, amounts to re-writing of
a quantum mechanical system with multiple degenerate minima, in terms of a dilute gas of
kink-instantons and the two-types of bions. In string theory, the mirror of CPN−1 is obtained
by using the standard R→ 1/R duality and the dynamical generation of a superpotential by
vortices. It would be interesting to understand the connection between these two derivations
in more detail.
6 Infrared renormalons and topological molecules
6.1 Prelude: Large orders in perturbation theory, Borel summation and the
Stokes phenomenon
Perturbation theory in almost all interesting quantum field theories, quantum mechanics and
even in ordinary integrals with multiple saddles, leads to divergent asymptotic expansions
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[29]. The divergence encodes physical information about the saddles of ordinary integrals, or
path integrals of quantum mechanics and quantum field theory, as a consequence of Darboux’s
theorem [1, 3]. We recall a few relevant definitions and motivate (known) generalizations of
those definitions by using simple quantum mechanics.
Let P (g2) denote a perturbative asymptotic series that satisfies the “Gevrey-1” condition:
P (g2) =
∞∑
q=0
aqg
2q, Gevrey − 1 : |aq| ≤ CRqq! (6.1)
for some positive constants C and R [5, 7]. Known examples of perturbative series that arise
in quantum mechanics and QFT satisfy the “Gevrey-1” condition [29]. We denote the Borel
transform of P (λ) by BP (t) and define it as
BP (t) :=
∞∑
q=0
aq
q!
tq. (6.2)
The formal Borel transform determines “a germ of a holomorphic function” at t = 0, with
a finite radius of convergence. Next, one analytically continues the obtained germ BP (t)
to the whole complex t-plane, called the Borel plane. We also assume that the analytic
continuation of the Borel transform BP (t) is “endlessly continuable”. That roughly means
that the function is represented by an analytic function with a discrete set of singularities
(poles or cuts) on its Riemann surface. The Borel resummation of P (g2), when it exists, is
defined as the Laplace transform of the analytic continuation of the germ:
B(g2) =
1
g2
∫ ∞
0
BP (t)e−t/g
2
dt . (6.3)
In quantum theories with multiple-degenerate vacua, (but no instability of any kind), per-
turbation theory is typically a non-alternating Gevrey-1 series, hence non Borel resummable
[20, 21, 24, 26, 27, 29]. Non-Borel summability means that there is no unique answer in
perturbation theory; i.e., resummed perturbation theory does not produce a unique answer
for a physical observable which ought to be unique, for example, the ground state energy. Of
course, this is senseless. This means that perturbation theory (re-summed or otherwise) is
insufficient to define the theory.
In certain cases, a perturbative sum which is not Borel summable becomes Borel summable
upon continuation g2 → −g2, see Fig. 2. In simple quantum mechanics, let us mention an
example that is directly relevant for our purpose [21]. Perturbation theory for the peri-
odic potential V (x) = 1
g2
sin2(gx) is non-Borel summable, whereas perturbation theory for
V (x) = 1
g2
sinh2(gx) is Borel summable. [Recall and compare with the 0-dimensional parti-
tion functions discussed in Section 1.6]. Both series are, of course, asymptotic and divergent.
The difference between the two is that the asymptotic series which arises in the first case is
non-alternating, whereas the series in the latter is just the alternating version of the former.
Let us refer to the Borel resummed series for the latter, Borel resummable series, as B0(g2).
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Then, we can define the perturbative sum for the non-alternating series as the analytic con-
tinuation of B0(g2) in the g2 complex plane from negative coupling, g2 < 0, to the positive
real axis, g2 > 0. This can be done in one of the two ways as shown in Fig. 2. Approaching
the positive real axis clock-wise (from above) and counter-clock-wise (from below).
B0(|g2| ± i) = ReB0(|g2|)± i ImB0(|g2|) where ImB0(|g2|) ∼ e−2SI ∼ e−2A/g2 (6.4)
is the ambiguous part, and is a manifestation of non-Borel-summability [compare with (1.22)].
A definition of the Borel sum equivalent to what we described above through analytic
continuation in the complex g2-plane is the directional (sectorial) Borel sum. Define
SθP (g2) ≡ Bθ(g2) = 1
g2
∫ ∞·eiθ
0
BP (t) e−t/g
2
dt, (6.5)
C+
C 
t
Figure 9. Lateral, or right and left, Borel sums. Dark circles are singularities (poles or branch
points). Whenever a singularity exists between the right and left Borel sums, the theory is non-Borel
summable. The singular direction in the t-plane corresponds to a Stokes line in the complex g2-plane,
see Fig.2. The difference of the sectorial sums in passing from θ = 0− to θ = 0+ is the Stokes “jump”
across a Stokes ray.
A special case of this is the lateral Borel sum. The function Bθ±(g2) is associated with
contours just above and just below the ray at angle θ, and is called right (left) Borel resum-
mation. If there are no singular points in the θ direction, then the left and right Borel sums
are equal, and the theory is sectorial Borel summable in the θ-direction. A theory for which
there are no singularities on θ = 0 is called Borel summable in physics. In many cases, there
is a ray of singular points of the Borel transform BP (t), as shown in Figure 9. Then, the
theory is non-Borel summable, but left and right Borel summable. The ambiguity described
above, associated with whether we approach the real positive axis from above or below in
the complex g2-plane, in the latter language, maps to the choice of the integration contour
in the Laplace-transform. The integral is, of course, dependent on the choice of the contour,
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yielding (6.4). The overall procedure can be summarized through the diagram:
P (λ)
Borel−sum $$
B−transform
// BP (t)
Lθ−transformyy
SθP (g2)
(6.6)
where B- is the Borel transform operator, and Lθ is Laplace transform along the ray at some
angle θ.
In cases where there are singularities in the θ = 0 direction, the B0±(g2) are different
sums differing in their exponentially small imaginary parts, and still, both sectorial sums
are associated with the asymptotic expansion (6.1). The divergence of the original series,
in the original g2 plane, just means that the perturbative expansion is taking place on a
singular Stokes ray in the complexified coupling constant plane. Singular directions in the
Borel t-plane correspond to Stokes lines in the g2-plane, where the sum exhibits the Stokes
phenomenon crossing the ray. The Stokes phenomenon in the g2-plane, is mathematically, the
origin of the ambiguity of the Borel sum. The understanding of the connection of the distinct
sectorial sums entails the understanding of the jumps across this direction. This is achieved
via the Stokes automorphism, or passage automorphism labelled by Sθ. This corresponds
to composing the Laplace transform in a given direction, say θ+, with the inverse Laplace
transform in another direction, say θ−, [69].
Sθ+ = Sθ− ◦Sθ ≡ Sθ− ◦ (1−Discθ−) , (6.7)
where Discθ− is the full discontinuity of the Borel sum across θ. The Stokes jump is purely
non-perturbative, and it is roughly
Discθ− B ∼ e−t1/g
2
+ e−t2/g
2
+ . . . (6.8)
where ti ∈ eiθR+ is an ordered sequence of singularities along the singular direction.
In physical applications, B0(|g2| ± i) ≡ S±0P (g2) may be a physical observable in quan-
tum mechanics, such as the energy of an eigenstate. If we take Borel-resummation literally,
and if there are indeed singularities at ti ∈ R+, then the Borel sum yields an answer which i)
has imaginary component, ii) the imaginary part is two-fold ambiguous. On the other hand,
we are dealing with a quantum mechanical system which does not have any instability, and
the energy eigenvalues must be real.
In simple quantum mechanical systems, it is understood how the non-perturbative am-
biguity in perturbation theory is cancelled with the ambiguity in instanton-anti-instanton
events13 : see the important collection of works [18–28]. In these theories, the non-perturbative
13It is important to note that the cancellation is with a topologically neutral instanton-anti-instanton event.
Instantons, as they carry topological charge, cannot mix with the perturbative vacuum. It is important to
realize and appreciate this difference. In particular, we will also discuss theories in which there are instantons,
but the theory is Borel summable. This is due to the absence of a correlated instanton-anti-instanton event.
For example, CPN−1 with extended supersymmetry, such as N = (4, 4) is of this type.
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molecular instanton-anti-instanton events are also ambiguous, and obtained through the an-
alytic continuation and back depicted in Fig. 2. (The instanton and anti-instanton events
are not ambiguous, only their topologically neutral composites are.) This ambiguity arises
from the quasi-zero mode integrals and will be explained more generally in Section 6.4. The
instanton-anti-instanton molecule amplitude is
[II]θ=0± = Re [II] + i Im [II]θ=0± (6.9)
As shown explicitly in quantum mechanics, these two classes of ambiguities, between the the
re-summed perturbation theory around the perturbative vacuum and the non-perturbative
amplitudes associated with neutral topological molecules, cancel precisely at the O(e−2SI )
level, yielding our simplest “confluence equation”, (see (7.25) and (7.26) for generalizations):
ImB0,θ=0± + Im [II]θ=0± = 0 , up to O(e−4SI ) (6.10)
leading to an unambiguous physical observable:
O(g2) = ReB0(|g2|) + Re [II] + . . . , up to O(e−4SI ) (6.11)
Resurgence is the statement that this structure repeats itself at all non-perturbative orders,
and a consistent semi-classical trans-series expansion for observables in quantum mechanics
can be obtained.
6.2 How to tame a theory with IR renormalons?
The ambiguity that arises in QM is related to the q! factorial growth of the number of Feyn-
man diagrams combined with the non-alternating character of the series [84]. This ambiguity
is canceled by instanton-anti-instanton events. In “realistic QFTs” including asymptotically
free theories such as QCD and non-linear sigma models which appear as low-energy descrip-
tion of certain spin systems [e.g., quantum anti-ferromagnets], however, the situation is quite
different, as described by ’t Hooft [38]. In particular, apart from the q! factorial growth of
the number of Feynman diagrams, in this class of theories, perturbation theory is so wild
that a certain subset of diagrams also yields q! growth due to integration over momenta.
This situation arises in renormalizable QFTs, and these new divergences are called “renor-
malons” [32]. There are both UV and IR renormalon singularities, associated with high and
low momentum integration with respect to a given scale. In asymptotically free theories, the
ambiguities that are due to IR renormalons are on the positive real axis, t ∈ R+, of the Borel
plane, and furthermore are located much closer to the origin than the [II] Borel pole. Until
very recently [16], it was not known whether there exists a first principles non-perturbative
approach to cancel these perturbative ambiguities, despite the existence of substantial liter-
ature on renormalons, see [32] and references therein. We now address this problem in the
context of CPN−1 model.
According to ’t Hooft’s analysis [38] and its generalizations to non-linear sigma models
CPN−1 and O(N), [32, 46], perturbation theory generically develops ambiguities of the form
ImB0(|g2|) ∼ e−2nSI/β0 ∼ pi e−2nSI/N , n = 2, 3, . . . , (6.12)
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which are exponentially more important than the [II] singularity. We make two simple
observations:
• This renormalon ambiguity is exponentially more important than the instanton–anti-
instanton [II] ambiguity,
e−2SI/N  e−2SI (6.13)
The BZJ approach that suffices in quantum mechanics would only cure the [II] ambi-
guity in QFT, not the much larger and more important renormalon ambiguity.
• On R2, there are no-known semi-classical (or even non-semi-classical) configurations
with action 2nSI/N, n = 2, 3, . . . that can fix the IR renormalon ambiguity.
The formalism developed in this work helps us to solve this problem on R×S1L in a regime of
QFT continuously connected to R2. Many authors previously considered some form of com-
pact space to fix the IR-problem of the 2d instantons [49–52], however, the above mentioned
problems did not find a solution there. What is new in our approach is continuity, an idea
developed for gauge theory in [8, 9, 16, 53].
Main underlying idea of continuity: Compactify the theory on R × S1L, and find
the conditions under which there are no phase transitions or rapid crossovers as the S1L size is
dialed to small values. Since we are reducing the theory to simple quantum mechanics and to
finite volume, a sharp phase transition would only occur in the infinite-N limit. At finite-N ,
this phase transition would turn into a rapid cross-over, which is an equally drastic change
of the long-distance theory. Our continuity argument avoids both types of drastic change in
the dynamics and smoothly connects the small-L regime to the large-L regime. Since the
theory is asymptotically free, at sufficiently small L, the theory is rendered weakly coupled,
and since there is no phase transition or rapid cross-over, the non-perturbative phenomena
must also be continuous. For example, for the mass gap, there cannot be any drastic changes,
and indeed, we will demonstrate this non-trivial claim explicitly. Then, the non-semi-classical
notion of an IR renormalon on R2 must find a semi-classical realization on R×S1L. In this way,
we may indeed find a semi-classical configuration continuously connected to the renormalon
singularity. This is the main and simple physical idea in our formalism.
We have already shown that in the semi-classical regime, there are kink-instanton con-
figurations Ki with action SIN . However, there is no ambiguity associated with these configu-
rations, and their topological charge or topological Θ angle dependence suffice to distinguish
them from the perturbative vacuum. Hence, the kink-instantons are not the realization of
the IR -renormalons. Rather, the IR renormalons must be associated with certain topological
configurations (or molecules), indistinguishable from perturbation theory.
In the next section, we give a classification of n-defects (1-defects are kinks.). We show
that there is an ambiguity in the semi-classical amplitude of certain n-kinks, which is identi-
fiable with the infrared renormalon singularities. It is not true that all n-kink configurations
are ambiguous. For example, in the list of topological configurations for the bosonic Nf = 0
theory, only the configurations with subscript ± have ambiguous imaginary parts, and the
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Figure 10. Upper figure: The conjectured structure of the Borel plane for CPN−1 on R2. Lower
figure: The semi-classical singularities associated with the neutral bion molecules in CPN−1 on small
R × S1. For Nf = 0, the weak-coupling regime has an extra singularity closer to origin than the
leading renormalon pole on R2. For Nf ≥ 1, the location of the semi-classical and non-semi-classical
renormalon singularities coincide. Although the theory moves from a weakly coupled description to
a strongly coupled one, the structure of the Borel plane singularities either do not change at all or
change extremely mildly. We take this as evidence that the neutral bion molecules are the semi-classical
realization of renormalons. This also gives us hope that even the theory on R2 may potentially be
solvable at arbitrary N .
ambiguities that arise in the Borel summation of the perturbation theory cancel with the
ambiguities of these molecular events. On the other hand, in a theory with fermions, the
appearance of the first non-perturbative ambiguity is delayed by one order. A few examples
of the topological configurations and the (non)existence of their ambiguities are given in the
following lists:
Nf = 0 : {Ki, [Bij ], [Bii]θ=0± , [BijBji]θ=0± , [BijBjkBki]θ=0± , . . . , [II]θ=0± , . . .}
Nf ≥ 1 : {Ki, [Bij ], [Bii], [BijBji]θ=0± , [BijBjkBki]θ=0± , . . . , [II], . . .} (6.14)
In other words, when Nf = 0 we first see the non-perturbative ambiguities in the neutral bion
amplitude [Bii], while for Nf ≥ 1 the non-perturbative ambiguities first arise in the neutral
correlators of two bions. The location of the ambiguities in the semi-classical molecules
matches the location of the renormalon singularities on R2 for Nf ≥ 1 theories, and for
Nf = 0, the semi-classics has an extra singularity closer to the origin than the leading
renormalon pole on R2. See Figure 10.
The elegance of this analysis is that a very difficult problem in QFT, tied with the renor-
malon singularities, reduces to a relatively simpler problem in quantum mechanics without
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much change in the structure of the Borel plane singularities. The crucial physical elements
permitting this analysis in QFT are continuity and compactification with spatially twisted
boundary conditions.
6.3 Classification of bions and Cartan matrix
The nodes of the extended Dynkin diagram of the SU(N) algebra ÂN−1 provides a unique
labeling of the kink-instanton events on R × S1. As described earlier, the difference of the
asymptotes of the kink event Kj is given by
∆n˜ = n˜(∞)− n˜(−∞) = αj ∈ Γ∨r (6.15)
Since for a given kink-instanton Kj , ∆n˜ = αj cannot be deformed to zero, or to another αj′
where j′ 6= j, by small perturbations, the co-root αj ∈ Γ∨r must be considered as a topological
charge.14
The study of the topological molecules in the weakly coupled domain of the CPN−1 model
on R×S1 is parallel to the study of the same class of molecules in center-symmetric QCD(adj)
on R3 × S1. Here, we follow Ref.[17]. As in gauge theory, there exists a one-to-one mapping
between the molecules at second order in the semi-classical expansion and non-vanishing en-
tries of the extended Cartan matrix, Âij := (αi, αj), i, j = 1, . . . , N . The extended Cartan
matrix determines the interaction between kinks of different types, and plays a crucial role in
classifying the molecular kink-instanton/kink-anti-instanton events. For brevity and due to
their similarity to bions in gauge theory, we also refer to these universal correlated events that
appear in the second order in the semi-classical expansion as “bions”. As in gauge theory,
there are two types of bions:
Definition 4: Charged bions and neutral bions
• Charged bions: For each pair (i, j) such that the entry of the Cartan matrix is negative
Âij < 0 (as a result, the bosonic interaction Vij ∼ −Âij < 0 is repulsive at short
separations), there exists a bion [KiKj ], associated with the correlated tunneling-anti-
tunneling event
n˜ −→ n˜+ αi − αj αi ∈ Γ∨r (6.16)
The amplitude associated with such an event is
Bij = [KiKj ] ∼ e−Si(ϕ)−Sj(ϕ)eiσ(αi−αj) . (6.17)
14This is the counterpart of the magnetic charge of monopole-instanton. Recall that a monopole-instanton
on R3 × S1 is labelled by two topological charges: the second Chern number, which is 1
N
, and a magnetic
charge αj ∈ Γ∨r . Reducing QFT on R3 × S1 down to quantum mechanics on R× T 2 × S1, we may define the
magnetic flux change associated with the monopole events as ∆Φ =
∫
T2
B ∈ Γ∨r in quantum mechanics as
well. Identifying ∆Φ with ∆n˜, this compactification can be used to find an exact mapping among topological
configurations between CPN−1 and gauge theory. This is actually the primary reason why the classification of
the topological configurations in compactified gauge theory and CPN−1 model are identical.
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There is no ambiguity for a charged bion, as shown in Section 6.5. This is the counter-
part of the magnetic bion in compactified gauge theory.
• Neutral bions : For each i, such that the entry of the Cartan matrix is positive Âii > 0
(as a result, the bosonic interaction Vii ∼ −Âii < 0 is attractive at short separations),
there exists a bion [KiKi] with vanishing topological charge and associated with the
correlated tunneling-anti-tunneling event of the same type
n˜ −→ n˜+ αi − αi αi ∈ Γ∨r (6.18)
The real part of the amplitude for the neutral bion is unambiguous
ReBii = Re[KiKi] ∼ e−2Si(ϕ). (6.19)
However, the neutral bion amplitude develops an imaginary ambiguous part, as will be
discussed in Section 6.6, along with its physical implications.
We define the right (and left) neutral bion amplitudes as the bion amplitude evaluated
at g2 ± i0 according to the continuation shown in Fig. 2. These are unambiguous, but
the two differ by a non-perturbative jump e−2Si(ϕ) for the bosonic theory . This will be
crucial in the non-perturturbative cancellation of ambiguities.
The derivations of these assertions will be given in Sections 6.5 and 6.6. For the CPN−1 theory,
both tunneling events actually carry zero topological charge (2.7)
QT = 1/N + (−1/N) = 0 , for both types of bions (6.20)
However, the charged bion is still associated with a co-root charge. Correspondingly, the
charged bions can be assigned a more refined topological quantum number, physically asso-
ciated with where it starts and ends in the n˜ landscape of classical vacua, which are different
points. In contrast, the neutral bion starts at some configuration, tunnels in the αi directions
and returns back to the original point. For the theory with fermions, this first ambiguity
disappears for Nf ∈ Z+ and the first ambiguity appears for a 4-defect.
6.4 Zero, quasi-zero and non-zero modes of n-defects
In the semi-classical regime, the path integral can be formally rewritten as a sum over a dilute
gas of n-defects. In Euclidean space where 1-defects can be seen as Euclidean particles, n-
defects should be viewed as Euclidean molecules, hence the terminology topological molecules
that we use from time to time. In Section 4.7 we discussed 1-defects and their contribution
to the low-energy theory. These 1-defects are solutions to a self-duality equation. They are
exact solutions to the classical equations. The n-defects are only approximate quasi-solutions.
In the background of a general n-defect, within the path-integral formulation, one needs
to perform a sum over all fluctuations, meaning that one needs to obtain information about
the eigen-spectrum of fluctuations. In general semi-classical analysis, the eigen-spectrum has
three types of modes:
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• Zero-modes: zero eigenvalues of the eigenspectrum, associated with the moduli
• Quasi-zero modes: parametrically small compared to typical eigenvalue
• Non-zero modes: Modes for which the eigenspectrum is of order one in natural units.
For 1-defects, kinks, as discussed in Section 4.2, there are only two moduli, the position moduli
a ∈ R and the angular moduli φ ∈ U(1); the latter is integrated trivially. Of course, there
are also non-zero modes associated with the small fluctuations operator, in the background
of the 1-defect. These modes and associated determinants can be dealt with in the Gaussian
approximation. The quasi-zero mode does not exist for 1-defects.
For n-defects with n ≥ 2, all three types of modes exist. The quasi-zero-modes need to be
treated exactly within semi-classics. The reason is as follows: there is a characteristic length
scale entering the quasi-zero mode analysis. Denote this scale by `qzm. As we will see, this
scale is much larger than the characteristic kink size rk , but much smaller than the typical
inter-kink separation dk−k:
rk  `qzm  dk−k (6.21)
The integral over the quasi-zero mode is mainly supported at the scale `qzm. Performing
the quasi-zero-mode integral, one can treat the 2-defect as a point operator when considering
physics at length scales larger than `qzm. This is the way that we construct the bion operators
Bij and other n-defect operators. The reason that semi-classical analysis in compactified
CPN−1 is reliable at small-S1L is the hierarchy of length scales
rk  rb ∼ `qzm  dk−k  db−b,
↓ ↓ ↓ ↓
L  L log
(
1
g2
)
 LeS0  Le2S0 .
(6.22)
that arises from a careful treatment of the quasi-zero modes. In this formula, rb is the size of
a bion, and db-b is the typical inter-bion separation. This physical hierarchy of length scales
is also naturally built into the mathematical trans-series expansion.
6.5 2-defects: Charged bions
The interaction (correlation) between Ki and Kj has two components. One is due to the
exchange of the bosonic fields and the other is due to the exchange of fermion zero modes.
Following the explanation in Section 5.1 of [17], and generalizing the Appendix A43.2 of Zinn-
Justin’s book [24], we find that the interaction induced by bosonic exchange between Ki and
Kj kinks separated at a distance τ is given by
Sint(τ) = −8ξαi.αj
g2
e−ξτ , ξ ≡ 2pi(µi+1 − µi)
L
=
2pi
LN
(6.23)
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The fermion zero-mode exchange induces an interaction between the two kinks as well, which
can be read-off from the connected correlator:〈 Nf∏
f=1
[αi(ψf )]
2(t− τ/2)
Nf∏
f=1
[αj(ψf )]
2(t+ τ/2)
〉
=
(αi.αj
2
)2Nf ( g2
2L
)2Nf
e−2Nf ξτ
Consequently, the bion amplitude may be written as in (6.17) with coefficient involving an
integral over the quasi-zero mode (separation between the two events.)
Aij = AiAj
(αi.αj
2
)2Nf ( g2
2L
)2Nf
2
∫ ∞
0
dτ e−V
ij
eff(τ), (6.24)
where
V ijeff(τ) = −8ξ
αi.αj
g2
e−ξτ + 2Nfξτ (6.25)
The factor of 2 in (6.24) comes from the integration over the solid angle in 1d,
∫
dΩ = 2, as the
interaction of the constituents of the bions only depends on separation. For N ≥ 3, Âij = −12
for non-vanishing off-diagonal entries of the extended Cartan matrix (for N = 2, Âij = −1),
the quasi-zero mode integral given in (6.24) is
I(g2) =
∫ ∞
0
dτ exp
[
−
(
4ξ
g2
e−ξτ + 2Nfξτ
)]
=
(
g2
4ξ
)2Nf ∫ 4ξ
g2
0
du e−u u2Nf−1
−→︸︷︷︸
g21
(
g2
4ξ
)2Nf
Γ(2Nf ) =
(
g2N
8pi
)2Nf
Γ(2Nf ) (6.26)
The charged-bion amplitude is, therefore,
Bij = −Aije−Si(ϕ)−Sj(ϕ)e2piiσ(α∨i −α∨j ) (6.27)
Various comments are in order regarding (6.26): For CPN−1 and Nf ≥ 1, for non-vanishing
negative entries of the extended Cartan matrix, αi.αj < 0, the bosonic interaction between
the constituents is repulsive, whereas the fermion zero mode induced exchange is attractive.
Therefore, there is a characteristic scale dominating the integral.
V
′
eff(τ) = 0 =⇒ τ∗ =
1
ξ
log
(
4pi
g2NNf
)
, rb = rk log
(
4pi
g2NNf
)
Nf ≥ 1
(6.28)
We interpret this as the size of the charged bion.
The integral (6.26) appeared in the study of molecular instantons in supersymmetric
and non-supersymmetric quantum mechanics in [25]. For Nf = 0, where the integral at
large-τ is not cut-off, this appeared already in the work of Bogomolny and Zinn-Justin
[19, 23] in bosonic quantum mechanics. In this case, Bogomolny [19] realized that the di-
vergence arises from the double-counting of uncorrelated instanton-anti-instanton events at
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large separations and upon a careful treatment of the partition function, this divergence
subtracts off as I(g2) =
∫∞
0 dτ
[
exp
[
−
(
4ξ
g2
e−ξτ
)]
− 1
]
. Using this integral, let us eval-
uate the the size of the charged bion in the case Nf = 0. Using integration by parts,
I(g2) = 4ξ
2
g2
∫∞
0 dττ exp
[
−
(
4ξ
g2
e−ξτ + ξτ
)]
. Following (6.28), the characteristic size of the
charged bion in the bosonic theory is given by
rb = rk log
(
8pi
g2N
)
, Nf = 0 (6.29)
The result of the quasi-zero mode integral can be found either by working out this integral
exactly as done in bosonic quantum mechanics [19], or via an equivalent prescription: take
the Nf = → 0 limit in (6.26) and subtract the pole term:
I(g2) =
(
g2N
8pi
)2
Γ(2) =
1
2
+
(
log
(
g2N
8pi
)
− γ
)
+O() −→
(
log
(
g2N
8pi
)
− γ
)
(6.30)
The two result indeed agree exactly.
The mechanism of pairing in CPN−1 with Nf ≥ 1 is the same as in QCD(adj) with Nf ≥ 1
[9], as well as quantum mechanics with fermions [25]; and for Nf = 0, the deformed bosonic
CPN−1 , the pairing takes place in the same way as in deformed YM [85], as well as bosonic
quantum mechanics [19]. This mechanism is a universal feature of semi-classical analysis.
6.6 2-defects: Neutral bions and first non-perturbative ambiguity
For each diagonal entry of the Cartan matrix, there exists a neutral bion Bii = [KiKi]. In our
Lie algebra convention, Âii = 1, and the quasi-zero mode integral takes the form
I˜(g2) =
∫ ∞
0
dτ exp
[
−
(
−8ξ
g2
e−ξτ + 2Nfξτ
)]
(6.31)
However, as in gauge theory, both the bosonic interaction as well as the fermion zero mode
induced interaction between constituents are actually attractive, and naively, the integral
is dominated at small separations with respect to rb. Consequently, a semi-classical [KiKi]
configuration seems meaningless. A related issue is that all topological quantum numbers
that we may associate with Bii are actually zero. It is indistinguishable from the perturbative
vacuum, and potentially may mix with the perturbative contribution to a given observable.
Understanding this precise connection leads to a quantitative and rigorous theory of semi-
classics.
In order to make sense out of the Bii molecule, we apply the generalized BZJ-prescription:
deform the contour of integration so that the kink anti-kink has a repulsive component, or
equivalently, rotate g2 → g2eiθ, and take, for example, θ = pi. Then, again, the interaction
has a repulsive component. Perform the integration and then, continue back to the original
g2. The result of the BZJ-prescription is,
I˜(g2, Nf )→ I(−g2, Nf ) =
(
−g
2N
8pi
)2Nf
Γ(2Nf ) (6.32)
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For positive integer number of flavors Nf ≥ 1, this result is unambiguous. However, for
Nf = 0, subtracting the pole due to the uncorrelated kink-anti-kink events, we obtain
I˜(g2, Nf = 0) =
(
log
(
−g
2N
8pi
)
− γ
)
= I(g2)± ipi (6.33)
The same ambiguity is obtained by Bogomolny in bosonic quantum mechanics [19]. Thus,
we learn that the kink-anti-kink amplitude in the bosonic theory is two-fold ambiguous. The
left and right bion amplitude is therefore
[KiKi]θ=0± =Re [KiKi] + i Im [KiKi]θ=0±
=
(
log
(
g2N
8pi
)
− γ
)
2A2i e−2S0 ± ipi2A2i e−2S0 (6.34)
This is the first of many non-perturbative ambiguities that we will see in the semi-classical
analysis. On its own, such ambiguities are disastrous, as they would render the semi-classical
expansion meaningless. However, this ambiguity, and the many other ambiguities that we
will find in semi-classical configurations are actually the resolution of a long-standing puzzle,
the IR-renormalons in perturbation theory around the perturbative vacuum.
Consider a typical observable in the bosonic CPN−1 theory. This observable will receive
contributions to all orders in perturbation theory, and also non-perturbative contributions.
Let us denote the lateral (left and right) Borel summation for perturbation theory by B0,θ=0± .
Let us write g2 = |g2|eiθ, where θ is the phase of the complexified coupling. In order for QFT
to make sense, these two types of ambiguities must cancel:
ImB0,θ=0± + Im [Bii]θ=0± = 0 , up to e−4S0 (6.35)
In words, this equation means: The sum of the left (right) Borel resummation and left (right)
neutral bion amplitude is unambiguous at order e−2S0 = e−2SI/N . The limit θ → 0± is
accompanied by a Stokes jump for the Borel resummation, which is mirrored with a jump in
the neutral bion amplitude, such that the sum of the two gives a unique result, with a smooth
limit up to ambiguities at order e−4S0 . We will indeed confirm this important confluence
relation by explicit computation in two different ways. As a physical effect, the neutral
bion amplitude leads to a repulsion between the eigenvalues of the σ-connection holonomy,
as manifest from the supersymmetric example (5.8). This is the same as the role that the
neutral bion plays in non-abelian gauge theory [11, 17].
6.7 4-defects: Bion-anti-bion molecules and more ambiguities
According to the general classification stated in §5.5 of Ref. [17], in theories with massless
fermions, both charged and neutral bion events are unambiguous. In theories with Nf ≥ 1,
the first ambiguity in semi-classical expansion arise at 4th order, as opposed to 2nd order as
it was the case in bosonic theory. Below, we show that the quasi-zero mode integral does not
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yield an imaginary part for [BB], but does yield an imaginary part for [BB]. The quasi-zero
mode integrals are of the form
I(g2) =
∫ ∞
0
dτ exp (−V (τ)) for [BB], and (6.36)
I˜(g2) =
∫ ∞
0
dτ exp (+V (τ)) for [BB], (6.37)
where
V (τ) = (µB, µB)
8ξ
g2
e−ξτ (6.38)
and µB = αi − αj ∈ Γ∨r is the charge of the bion Bij .
This type of integral, as noted earlier, is addressed in bosonic quantum mechanics by
Bogomolny [19]. Both integrals are divergent at large separation, and the latter is dominated
by τ → 0 where molecular configurations are meaningless. The first of these problems is due
to double-counting of the uncorrelated [B]-[B] or [B]-[B] events, and is subtracted off.
C˜ 
C˜+
g2
Figure 11. Defining left (right) bion-anti-bion amplitude [BijBij ]θ=0± , we proceed as in the construc-
tion of left (right) Borel resummation B0,θ=0± .
The short-distance domination of I˜(g2) can be taken care of by modifying the integration
contour, or by rotating g2 → −g2, where the bion-anti-bion interaction becomes repulsive,
and continuing the integral back to positive |g2|+i0±. The result, as was the case with (6.34),
is two-fold ambiguous:
[BijBij ]θ=0± = Re [BijBij ] + i Im [BijBij ]θ=0± ∼ e−4S0 ± i pi e−4S0 (6.39)
Consider a typical observable in CPN−1 theory with Nf ≥ 1 fermions. We expect that this
observable will receive contributions to all orders in perturbation theory, as well as non-
perturbative contributions. Denote the lateral Borel summation for perturbation theory by
B0,θ=0± . Then write g2 = |g2|eiθ, where θ is the phase of the complexified coupling. For QFT
to make sense, these two ambiguities must cancel:
ImB0,θ=0± + Im [BB]θ=0± = 0 , up to e−6S0 (6.40)
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This confluence relation is the counter-part of the leading ambiguity cancellation (6.35) in
the Nf = 0 theory to Nf ≥ 1. In the next sections, we explicitly derive (6.35).
7 Resurgence in CPN−1 QFT
7.1 Borel-E´calle summability at leading order
We derived the actions describing the low energy dynamics in Eqs. (4.13) and (4.21) and
described the embedding of the CP1 kink into CPN−1 theory in Section 4.3. The Euclidean
action describing this embedding is given in (4.28). Passing to a Minkowskian formulation,
we write down the Hamiltonian associated with the action (4.28). It is given by
Hzeroαk =
g2
2 P
2
θ +
ξ2
2g2
sin2 θ + g
2
2 sin2 θ
P 2φ , ξ =
2pi
N , (set L = 1) (7.1)
We are interested in the ground state properties of this Hamiltonian. The field φ is a cyclic
coordinate and Pφ is the associated angular momentum with eigenstates mφ = 0,±1,±2, . . ..
The ground state in the φ-sector is mφ = 0. As we will justify a posteriori, the energy
gap of low lying modes is non-perturbative in g: it is e
− 4pi
g2N . Therefore, within the Born-
Oppenheimer approximation, we drop the high φ-sector modes. Then, the relevant low energy
Hamiltonian reduces to
Hzeroαk = −12 d
2
dθ2
+ ξ
2
4g2
[1− cos(2gθ)] (7.2)
and the Schro¨dinger equation takes the form
ψ′′ +
(
p+
ξ2
2g2
cos(2gθ)
)
ψ = 0, p = 2E − ξ
2
2g2
(7.3)
The asymptotic perturbative expansion for the ground state energy in units of the natural
frequency ξ is evaluated in Ref.[21] by using the methods developed by Bender and Wu [31]
E(g2) ≡ E0ξ−1 =
∞∑
q=0
aq(g
2)
q
, aq ∼ − 2
pi
(
1
4ξ
)q
q!
(
1− 5
2q
+O(q−2)
)
(7.4)
The series is Gevrey-1, non-alternating, and hence non-Borel summable. This is a manifes-
tation of the fact that we are expanding the ground state energy along a Stokes ray in the
complex-g2 plane. The Borel transform (for the leading q! divergence) is given by
BE(t) = − 2
pi
∞∑
q=0
(
t
4ξ
)q
= − 2
pi
1
1− t4ξ
(7.5)
and has a pole singularity on the positive real axis R+. The transform of the subleading
term (q − 1)! generates a log(1− t4ξ ) branch point at the same position. Hence, the series is
non-Borel summable. However, the series is right and left Borel resummable. These lateral
Borel sums are
S0±E(g2) =
1
g2
∫
C±
dt BE(t) e−t/g2 = ReSE(g2)∓ i8ξ
g2
e
− 4ξ
g2
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t t
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Figure 12. The difference between the left and right Borel sum defines the Stokes automorphism, as
a sum over Hankel contours. This is the discontinuity in perturbation theory. It is cancelled by the
discontinuity of the neutral bion and bion-anti-bion amplitudes.
= ReB0 ∓ i 16pi
g2N
e
− 8pi
g2N (7.6)
The real part of the lateral Borel sum ReB0 is unique and is given by Cauchy’s principal
part. The lateral resummed energy has a two-fold ambiguous imaginary part, depending on
the choice of path. It is important to note that the imaginary part is not associated with
an instability. The spectrum of the Hamiltonian is bounded from below, and is real. The
interpretation of this result is that since the lateral resummed perturbation theory does not
have a smooth limit in the θ → 0± limit, it cannot be used to define the full theory. In other
words, all orders perturbation theory is not equal to full quantum field theory, or even to full
quantum mechanics.
The Stokes automorphism (6.7) connecting different sectorial sums is defined as the dif-
ference between the two lateral Borel sums, and is schematically shown in Fig. 12. The
difference
S0+E(g2)− S0−E(g2) =
1
g2
∫
C+
BE(t) e−t/g2 − 1
g2
∫
C−
BE(t) e−t/g2 =
∑
i
∫
γi
BE(t) e−t/g2
(7.7)
where {γ1, γ2, . . .} are the Hankel contours associated with singularities. In our case, the
leading factorial growth of the perturbation theory yields
S0+E(g2)− S0−E(g2) = −i
32pi
g2N
e
− 8pi
g2N (7.8)
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Recall from (6.34) that the non-perturbative neutral bion amplitude is also two-fold ambigu-
ous:
[KiKi]θ=0± =Re [KiKi] + i Im [KiKi]θ=0±
=
(
log
(
λ
8pi
)
− γ
)
16
λ
e−2S0 ± i16pi
λ
e−
8pi
λ (7.9)
Both of these ambiguities, as already emphasized, are exponentially more important than the
2d instanton-anti-instanton ambiguity. Remarkably, they cancel each other exactly:
Im
[
S±E(g2) + [KiKi]θ=0±
]
= 0 up to e−4S0 = e−4SI/β0 (7.10)
leading to a cancellation of ambiguities up to e−4SI/β0 . This is an explicit realization of how
confluence equations work in the small-S1 regime of a non-trivial QFT, the CPN−1 model.
7.2 In the reverse direction: dispersion relations
Consider a typical observable in quantum theory, such as the energy eigenspectrum. For con-
creteness, let En(λ) be the energy of the state with quantum number n (n may be a collective
quantum number; we do not make such a distinction yet) in units of natural frequency ξ as
defined in (7.4). Also, assume that we do not have knowledge of the asymptotic expansion
for the energy of the state n. And in fact, we will derive this asymptotic expansion by using
the confluence equation (6.35), together with dispersion relations. Let
En(λ) = an,0 + an,1λ+ an,2λ2 + . . . =
∞∑
q=0
an,qλ
q (7.11)
We recall the dispersion relation from Cauchy’s theorem, and explore its consequences in
connecting perturbative to non-perturbative physics [24, 31, 64]. We assume that En(λ) is
an analytic function in the cut-plane, where the function has a branch-cut along the positive
λ axis. Cauchy’s theorem and a contour deformation relate the discontinuity, the imaginary
part and large-orders in perturbation theory. As a result of the confluence equation (6.35),
we already have knowledge of the discontinuity in En(λ), and how it is connected to the
discontinuity in the neutral bion amplitude. Using Cauchy’s theorem provides a prediction
for the large-order behavior of perturbation theory, which we test against the Bender-Wu
method applied to the (reduced) quantum mechanics of CPN−1 theory.
For an analytic function f(λ) in a cut-plane, Cauchy’s theorem and a contour deformation
implies
f(λ) =
1
2pii
∫ ∞
0
dλ′
Discf(λ′)
λ′ − λ −
1
2pii
∮
C∞
f(λ′)
λ′ − λ (7.12)
where C∞ is a loop at infinity, and λ is a point off the positive real axis. If f(λ) decays
sufficiently fast as |λ| → ∞, the last term drops out. However, this is not the case for the
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energy spectrum, En(λ). Formally, as λ → ∞ in the low-energy quantum mechanics, the
potential term serves as a small perturbation. The system becomes a free particle on a circle
with circumference ` ∼ pi√
λ
. Thus, the energy levels of the theory are En(λ) ∼ 1`2 ∼ λ,
including the ground state energy. We can build an auxiliary function faux(λ) for which the
boundary term drops out of the equation. Construct
faux(λ) =
1
λ2
(En(λ)− a0 − a1λ) =
∞∑
q=0
an,q+2λ
q (7.13)
We divided by λ2 so that as |λ| → ∞, faux(λ) ∼ 1/λ and the C∞ term vanishes. We
subtracted two terms so that we do not generate an undesired poles for faux(λ) at the origin,
see [24]. As a result, we have a more useful form of the dispersion relation:
faux(λ) =
1
2pii
∫ ∞
0
dλ′
Discfaux(λ
′)
λ′ − λ (7.14)
Plugging (7.13) into (7.14), we find, for the ground state energy,
E0(λ) = a0,0 + a0,1λ+ 1
2pii
∞∑
q=0
λq+2
∫ ∞
0
dλ′
DiscE0(λ′)
(λ′)q+3
, (7.15)
out of which we extract,
a0,q =
1
2pii
∫ ∞
0
dλ
DiscE0(λ′)
λq+1
=
1
pi
∫ ∞
0
dλ
ImE0(λ′)
λq+1
for q ≥ 2, (7.16)
Now, let us investigate the implications of the confluence equation (6.35)
Im E0(λ′) ≡ ImB0,θ=0± = −Im [Bii]θ=0± , up to e−4S0 (7.17)
The imaginary part of the neutral bion amplitude is given in (6.34). The pre-factor Ai =
√
8
λ .
(This is given in Ref. [24], Eq.(43.67), gthere =
λ
8pi here.) Thus, after taking the pre-factors
into account,
Im[Bii]θ=0± = Im
(KiKi × 2 I(−g2)) = ±16pi
λ
e−8pi/λ (7.18)
Using (7.16), we obtain, at leading order, the large-order behavior of the perturbative series
P0(λ) as
P0(λ) ∼
∑
q
a0,qλ
q = −
∑
q
2
pi
(
λ
8pi
)q
q! = − 2
pi
∑
q
(
1
4ξ
)q
q! g2q, (7.19)
This is the expected non-alternating Gevrey-1 series. A few remarks are in order:
• The late terms obtained in reduced quantum mechanics of CPN−1 , by using the can-
cellation of the imaginary parts of the left (right) [KiKi] amplitude and left (right)
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Borel-sum of perturbation theory agrees with the earlier work of Stone and Reeve [21],
who applied the Bender-Wu analysis to a periodic potential.15
• For CPN−1 , our expansion is not in g2, rather in g2N8pi ≡ λ8pi = N2SI where the instanton
action is SI =
4pi
g2
. Consequently, this leads to the mechanism for the cancellation of the
semi-classically realized IR-renormalon ambiguity on R× S1L, which are closer to origin
by a factor of N with respect to the 2d instanton-anti-instanton [II] singularities.
• For CPN−1 on R2, the renormalon ambiguity is located at 2nSIN , n ≥ 2. On R2, there are
no semi-classical topological configuration that these ambiguities may cancel against.
The 2d instanton-anti-instanton events are located far from the origin, at 2nSI , n ≥ 1.
• On a locally two-dimensional manifold on small R× S1L, for the Nf = 0 theory, we find
neutral bion events to cancel the ambiguities at 2nSIN , n ≥ 1. For the Nf ≥ 1 theories,
we find neutral bion events to cancel the ambiguities at 2nSIN , n ≥ 2, in exact agreement
with the renormalon singularities on R2. According to our analysis, there is one more
singularity closer to the origin in the bosonic theory.
• The all-important step is continuity, in the sense we made precise (absence of rapid
crossovers at finite-N , or sharp phase transitions at N =∞), the ability to connect the
strong coupling non-trivial holonomy to the weak-coupling non-trivial holonomy for the
σ-connection (2.34).16
7.3 Graded resurgence and resurgent sectors in the path integral formalism
In order to understand the general form of an observable in general QFT or QM with a
topological Θ angle, we introduce the concept of “graded resurgence”. The main idea of
graded resurgence follows from the following simple observations:
1) Perturbation theory is independent of the topological Θ-angle. Therefore, the ambiguity
due to non-Borel summability of perturbation theory is also independent of Θ.
2a) The amplitude of topological configurations which carry non-vanishing topological charge
do depend on the Θ-angle. Examples in CPN−1 are kink-instantons, 2d instantons.
2b) The amplitude of (molecular/correlated) topological configurations which carry zero
topological charge do not depend on the Θ-angle. Examples in CPN−1 are neutral bions,
bion-anti-bions.
15In a beautiful paper [21], Stone and Reeve noted the ambiguity associated with the non-Borel-summability
of perturbation theory for the QM periodic potential, and stressed that it is not associated with an instability.
However, at that time the counterpart of the neutral bion in our confluence equation (6.35) was not yet
understood.
16All earlier compactifications of this class of theories land on the weak coupling trivial holonomy in the
small-S1 regime [47, 49–52]. This is interesting for other reasons, but this regime is unrelated to the semi-
classical treatment of the confined regime due to rapid-crossover or phase transition. Our formulation of the
problem provides a weak coupling regime which appears to be as close as one can get to the strong coupling
regime.
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3) Therefore, the non-Borel summability of the large orders in perturbation theory can
never be cancelled by configurations which carry non-vanishing topological charge.
Rather it can only be cancelled by topological configurations with zero topological
charge, or equivalently, without any Θ-angle dependence.
This structure leads to a sectorial mechanism of cancellation, which we call “graded resur-
gence”. To apply these ideas to CPN−1 , define a “cell” [n,m] as follows:
n = nkink + nanti−kink, m = nkink − nanti−kink (7.20)
Here nSIN = n
4pi
g2N
is the action and mN denotes the topological charge. The [n,m] sector
is composed of nkink + nanti−kink correlated kink-instanton events. For example, a single
kink event belongs to Kj ∈ [1, 1]. The proliferation of single-kink events in the Euclidean
vacuum is the leading Θ dependent contribution to any observable. Neutral and charged
bions belong to B ∈ [2, 0], and their proliferation generates various physical effects, such as
the non-perturbative mass gap for the Nf ≥ 1 theories.
The general form of the contribution of the events in the [n,m] cell to an observable is
given by
[n,m] =⇒ A[n,m]e−n
4pi
λ
+imΘ+2pik
N P[n,m](λ) (7.21)
where A[n,m] is the pre-factor of the associated [n,m]-defect amplitude, and P[n,m](λ) denotes
the formal perturbative fluctuation series around the [n,m]-defect. The appearance of k =
0, . . . , N − 1 along with Θ is tied with the multi-branched structure of physical observables
in bosonic CPN−1 , either on R2 or R× S1L.
Definition 5: Graded resurgence triangle: The sectors in the CPN−1 model form
a structure that we refer to as the graded resurgence triangle (7.22), where the rows are at
fixed-n (fixed-action). As one moves downward in the triangle, the action of the whole row
increases by one-unit (in kink-instanton action), namely n = 0, 1, 2, . . ..
[0, 0]
[1, 1] [1,−1]
[2, 2] [2, 0] [2,−2]
[3, 3] [3, 1] [3,−1] [3,−3]
[4, 4] [4, 2] [4, 0] [4,−2] [4,−4]
. .
. ...
. . . (7.22)
The row labelled with n has n+ 1 ”cells”, these are m = n, n− 2, . . . ,−n+ 2,−n. Columns
are fixed-m (fixed topological charge) sectors. The graded structure inherent to QFTs and
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QM with Θ angle is shown in (7.22). For general QFTs, all cells in the graded resurgence
triangle are ambiguous for one of the two reasons:
• Ambiguities in the Borel resummation of perturbation theory, S±P[n,m] ≡
B[n,m]± either around the perturbative vacuum or in the background of an [n,m]-defect.
• Ambiguities in the definition of the non-perturbative amplitudes associated
with neutral topological molecules, or molecules which include neutral sub-components,
such as [(K)nk(K)nak ]±.
As discussed earlier, there is no unique meaning to perturbation theory in the [0, 0] cell:
the corresponding series is typically non-Borel summable, but left (right) Borel summable
B[0,0],θ=0± , and is two-fold ambiguous. This is to say, usual perturbation theory in QFT and
Rayleigh-Schro¨dinger perturbation theory in quantum mechanics cannot be used to define
the theory. Analogously, the [1, 1] sector, which we can write as [Ki]B[1,0],θ=0± is also equally
ambiguous, due to the large order behavior of perturbation theory around the kink-instanton
background, whereas Ki itself is unambiguous.
At the next level and thereafter, there is a new type of ambiguity. Consider the [2, 0]
cell, which has elements like [Bij ]B[2,0],θ=0± , as well as [Bii]θ=0±B[2,0],θ=0± , where ± is used to
indicate the presence of an ambiguity and left-right definitions of the corresponding objects.
In the [4, 0] cell, the events which are ambiguous are [BijBji]θ=0± .
In general QFT, our claim is that all these ambiguities are interconnected, and once we
calculate a physical observable, say the vacuum energy density, mass gap or whatever we want,
the ambiguities cancel to yield a unique unambiguous answer. In the previous section, we have
explicitly demonstrated this mechanism, recall (6.35). This type of cancellation is at the very
heart of the Borel-E´calle resummation; if it indeed continues to all non-perturbative orders
then it could potentially provide a fully consistent non-perturbative continuum definition of
QFT.
7.4 Confluence equations
In the graded resurgence triangle, there are certain selection rules, which dictate the possible
communications and cancellations between the non-perturbative ambiguities in different cells.
Permitted (and necessary) communications: The elements of a fixed-m sector (i.e.,
a column) in the triangle (7.22) can and typically do talk with each other. These are sectors
whose action differ by two units of (minimal) kink-instanton action:
[n, q]⇐⇒ [n+ 2n′, q] (7.23)
Forbidden communications: Two different columns can and do contribute to a given
observable. However, the ambiguities in a cell of a given column can never be cured by any
cell in a different column. In this sense, the communications between
[n, q]⇐⇒ [n′, q′], q 6= q′, n, n′ arbitrary (7.24)
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are forbidden. This is a simple consequence of the fact that perturbation theory does not
depend on the Θ-angle. 17
In theories such as CPN−1 , typically, none of the cells exist as a self-consistent object
on its own. Each cell is in need of other cells that it communicates to cure its diseases
(ambiguities). In special QFTs, cells can exist self-consistently, this is synonymous with
Borel summability. Later, we give evidence that extended supersymmetric theories are of
this type.
For example, the ambiguity in ordinary perturbation theory, i.e., in the [0, 0] sector can
only be cured by the ambiguity in the various neutral bion events in [2, 0], [4, 0], [6, 0], . . .
cells. We call this relation perturbative-non-perturbative confluence equations or confluence
equations for short. For the m = 0 column, the confluence equation is
0 = Im
(
B[0,0],θ=0± + B[2,0],θ=0± [Bii]θ=0± + B[4,0],θ=0± [BijBji]θ=0± + B[6,0]θ=0± [BijBjkBki]θ=0± + . . .
)
.
(7.25)
Since the ambiguities of B[0,0] form a sum of terms of the form
{±ie−2S0 ,±ie−4S0 , . . . ,} and
since the imaginary (ambiguous) parts of the neutral topological molecules are of the form
Im[Bii]θ=0± ∼ ie−2S0 , Im[BijBji]θ=0± ∼ ±ie−4S0 , Im[Bn]θ=0± ∼ ±ie−2nS0 , (7.25) implies a
hierarchy of cancellation at each order of ambiguities. These are given by
0 = ImB[0,0]± + ReB[2,0]Im[Bii]± , (up to e−4S0)
0 = ImB[0,0]± + ReB[2,0]Im[Bii]± + ImB[2,0]±Re[Bii] + ReB[4,0]Im[BijBji]± (up to e−6S0)
0 = . . . (7.26)
where in the first relation, only the ambiguities at order e−2S0 cancel, and in the second
relation, the ambiguities at order e−2S0 and e−4S0 cancel, and so forth. Provided that these
confluence equations hold, then a Θ independent contribution to a general observable will be
given by
O(g2) = ReB[0,0]+ReB[2,0]Re[Bii]+ImB[2,0]±Im[Bii]±+ReB[4,0]Re[BijBji] , up to O(e−6SI )
(7.27)
which is unambiguous and unique up to order O(e−6SI ). In this relation, ReB[2n,0] is O(1),
the second term is O(e−2S0), and the third and fourth term are O(e−2S0).
On the other hand, the existence of the kink-instanton sector [1, 1], presents its own set
of cancellations, leading to the confluence equations:
0 = Im
(
B[1,1],θ=0± [Ki] + B[3,1],θ=0± [KiBjj ]θ=0± + B[5,1],θ=0± [KiBjkBkj ]θ=0± + . . .
)
. (7.28)
17There is actually a far more refined structure in the resurgence triangle compatible with resurgence. Each
cell has a sub-structure dictated by the Lie algebra data of SU(N). Recall that kinks are associated with
the co-roots αi ∈ Γr∨, whereas the the elements of the [2, 0] cell, charged and neutral bions are in one-to-
one correspondence with the Cartan matrix entries. For cells associated with higher action, more elaborate
structure arises. We will refer to this as ramification of graded resurgence triangle. This structure will be
explored in more detail in future work.
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This implies, in hierarchical form
0 = ImB[1,1]±[Ki] + ReB[3,1]Im[KiBjj ]± , (to e−5S0)
0 = ImB[1,1]±[Ki] + ReB[3,1]Im[KiBjj ]± + ImB[3,1]±Re[KiBjj ] + ReB[5,1]Im[KiBjkBkj ]± (to e−7S0)
0 = . . . (7.29)
One may be tempted to divide (7.28) and (7.29) by the kink amplitude [Ki], and write an
expression virtually identical in form to (7.26). This is not quite true, because the pre-factor of
the [KiBjj ] amplitude is not obtained through a simple product, but rather a convolution, an
integral over the quasi-zero mode. Nevertheless, it is still true that the large-order asymptotics
of P[0,0](λ) and P[1,1](λ) have universal late terms that can be extracted from the dispersion
relations through the formula:
DiscB[0,0] = −2piiλ−r2P[2,0]e−2A/λ +O(e−4A/λ),
DiscB[1,1] = −2piiλ−r3+r1P[3,1]e−2A/λ +O(e−4A/λ). (7.30)
Using (7.30) in the dispersion relation, we obtain
a[0,0],q =
∞∑
q′=0
a[2,0],q′
Γ(q + r2 − q′)
(2A)q+r2−q′
+O
((
1
4A
)q)
=
Γ(q + r2 − q′)
(2A)q+r2
[
a[2,0],0 +
2A
(q + r2 − 1)a[2,0],1 +
(2A)2
(q + r2 − 1)(q + r2 − 2)a[2,0],2 + . . .
]
+O
((
1
4A
)q)
a[1,1],q =
∞∑
q′=0
a[3,1],q′
Γ(q + r3 − r1 − q′)
(2A)q+r3−r1−q′
+O
((
1
4A
)q)
=
Γ(q + r3 − r1 − q′)
(2A)q+r3−r1
[
a[3,1],0 +
2A
(q + r3 − r1 − 1)a[3,1],1
+
(2A)2
(q + r3 − r1 − 1)(q + r3 − r1 − 2)a[3,1],2 + . . .
]
+O
((
1
4A
)q)
(7.31)
These equations describe multiple manifestations of resurgence:
• The large order behavior of a[0,0],q for large-q is determined by the first few a[2,0],q′ ,
mainly by a[2,0],0. The subsequent terms, associated with the one-loop perturbative
fluctuations around [Bii] are suppressed by power law corrections in q, which are extra
factors of 1/q. Analogously, the large-order behavior of perturbation theory around a
kink-instanton a[1,1],q is determined by the low orders in perturbation theory around
the [KKK] sector, mainly by a[3,1],0.
• The one-loop fluctuations around, respectively, [BB] and [BBK] saddle points determine
the sub-series exponentially suppressed by a factor of 2−q.
– 71 –
• The expansion in both cases is dictated by the nearest singularity in the Borel plane,
as a consequence of Darboux’s theorem [1, 3]. The leading large-order behaviors for the
[0, 0] and [1, 1] sectors are given by
P[0,0](λ) ∼
a[2,0],0
(2A)r2
∞∑
q=0
(q + r2 − 1)!
(
λ
2A
)q
,
P[1,1](λ) ∼
a[3,1],0
(2A)r3−r1
∞∑
q=0
(q + r3 − r1 − 1)!
(
λ
2A
)q
. (7.32)
Despite the different backgrounds, the asymptotics of the perturbative expansions around
their respective sectors have a universal behavior, determined by the nearest singularity
in the Borel plane.
The relations (7.31) have their counterparts in matrix models and topological string theory
[40, 41] and 4d gauge theory compactified on R3 × S1 [17].
Ignoring order one numerical factors and other (not so major) factors momentarily, (7.32)
assumes the form
P[0,0](λ) ∼ P[1,1](λ) ∼
∞∑
q=0
q!(
SKK
)q ∼ ∞∑
q=0
q!
(2SK)q
(7.33)
making it clear that it is the neutral bion KK configuration that controls the large order
growth of the series P[n,m](λ). Comparing with the ordinary integrals as discussed in Section
1.6, we observe that the counterpart of the singulant (1.26) of ordinary integrals is the kink-
instanton–anti-kink-instanton configuration (and not the kink-instanton configuration itself)
in the compactified CPN−1 model.
7.5 Extended supersymmetric CPN−1 and Borel summability
Consider the extended supersymmetric theory, for example, N = (4, 4) CPN−1 model, com-
pactified on R×S1. In this class of theories, despite the fact that kink-instnatons are present,
a superpotential is not permitted because of the number of the fermonic zero modes or large
amount of supersymmetry. This is similar to 4d gauge theories with N ≥ 2 supersymme-
try compactified on R3 × S1. Since a superpotential is not generated, the counterpart of
the neutral bion and charged bions do not exist, and [2, 0]-cell is an empty set. In the ex-
tended supersymmetric cases, in fact, most cells in the resurgence triangle are empty, and the
resurgence triangle (7.22) simplifies to that shown in (7.34).
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[0, 0]
[1, 1] [1,−1]
[2, 2] ∅ [2,−2]
[3, 3] ∅ ∅ [3,−3]
[4, 4] ∅ ∅ ∅ [4,−4]
. .
. ...
. . . (7.34)
Since there are no neutral bion configurations, the confluence equation (7.25) and (7.28)
simplify into
0 = Im
(
B[0,0],θ=0±
)
, 0 = Im
(
B[1,1],θ=0±
)
(7.35)
meaning that there is no imaginary ambiguity in the Borel sum of ordinary perturbation
theory, as well as in perturbation theory around the instantons. In other words, the cells
[n,±n], n = 0, 1, 2, . . . must be Borel summable, or equivalently, there are no singularities in
the Borel plane along R+ for extended supersymmetric theories. This is the major difference
between the bosonic theory and extended supersymmetric theory.
It should be noted that the existence of instantons implies that perturbation theory is a
divergent asymptotic series. However, whether such a series is Borel summable (alternating,
Gevrey-one) or non-Borel summable (non-alternating, Gevrey-one) is a more refined question,
which is tied with the existence of singularities on the Borel complex-t plane along the R+ ray.
These singularities, in the semi-classical regime, would be associated with neutral topological
events as opposed to single instanton events. Consequently, the absence of such neutral
molecules in the semi-classical regime of a given theory is the same as Borel summability.
Our argument for the Borel summability of the extended supersymmetric theory is for the
semi-classical regime. In these theories, it is believed that there are no phase transition as the
holomorphic parameters are varied. Therefore, if this is true, then as the theory moves from
the semi-classical regime to the regime of strong coupling, the Borel summability must still
hold. This implies the Borel summability of the extended supersymmetric quantum theory
on R2.
7.6 Θ-dependence of vacuum energy density and topological susceptibility
Once the cancellation of the ambiguous imaginary parts is assured, we obtain finite and
physical results for observables, such as vacuum energy density, topological susceptibility,
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mass gap of the theory. The result obtained in this manner is an approximation to the physical
result, that can be compared with lattice gauge theory. In Nf = 0 deformed-CPN−1 model,
we find, for example, the Θ-angle dependence of vacuum energy density as
E(Θ)− E(0) = MinNk=1
[
− N√
λ
e−
4pi
λ ReB[1,1] cos
(
Θ + 2pik
N
)
+ . . .
]
(7.36)
where ReB[1,1] is the unambiguous real part of the Borel sum associated with the perturbative
fluctuations in the 1-kink sector. The factor of N is present because there are N types of kink
events Kj contributing to the vacuum energy density at leading order. There are subleading
O(e−
8pi
λ ) corrections, which we ignore in the weak-coupling regime at this order.
When LNΛ & 1, the theory moves to the strongly coupled volume independence domain,
where semi-classics is no longer reliable. By continuity, and by the evidence provided by the
analysis of renormalons on R2 versus semi-classical renormalons (bions etc.) on R × S1, the
semi-classical regime LNΛ . 1 regime is rather similar to the strongly coupled domain. Using
the dimensional transmutation (2.9), we may therefore write the topological susceptibility as
∂2E
∂Θ2
∣∣∣
Θ=0
= a1
Λ2
N
(7.37)
where a1 is a numerical factor. This result is in qualitative agreement with the large-N result,
for which a1 = 3/pi. If we set this as boundary value at N = ∞ for the topological suscep-
tibility, our result provides a prediction for finite values of N , which seems to be in accord
with numerical lattice simulations [86]. This result implies that in the semi-classical regime,
it is the kink-instanton events that are responsible for the O(1/N) topological susceptibility.
7.7 Mass gap on R× S1
The mass gap of the theory is the energy required to excite the system from the ground
state to the first excited state. In the g2 → 0 limit, i.e., the weak coupling regime of the
deformed-bosonic theory, the gap is purely non-perturbative.
The study of the spectrum in the Hamiltonian (7.2) in the Born-Oppenheimer approx-
imation, in the case of CP1, reduces to the the study of the asymptotics in the Mathieu
equation [65]. Let
O(q) = −2H
g2
=
d2
dθ2
− 2q cos 2θ, q = ξ
2
4g4
(7.38)
denote a second order differential operator. Then, the eigenstates of the Hamiltonian18 are
the eigenfunctions of the Mathieu equation which obey
O(q) cen(θ, q) = −an(q) cen(θ, q) n = 0, 1, 2, . . . (7.39)
O(q) sen(θ, q) = −bn(q) sen(θ, q) n = 1, 2, . . . (7.40)
18We shifted θ by pi/2 to match to the standard form of the Mathieu equation, w′′ + (a− 2q cos(2θ))w = 0.
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Figure 13. The energy eigenspectrum of the Mathieu equation as a function of g. For large-g2, it
describes a particle with small moment of inertia I = 1/g2. The spectrum asymptotes to En =
g2
2 n
2.
The small-g2 regime is related to the Hamiltonian for CP1 in the Born-Oppenheimer approximation.
The curves represent a0, b1, a1, b2, a2, ..., from (7.44), starting with the lowest curve. The mass gap
E(b1)− E(a0) is a purely non-perturbative kink-instanton effect.
where
cen(θ, q) = 〈θ|an(q)〉, sen(θ, q) = 〈θ|bn(q)〉, (7.41)
are the real space wave functions.
Let P denote the parity operator acting as θ → −θ and Tpi denote translation by pi,
θ → θ + pi. The eigenfunctions are also simultaneous eigenstates of P and Tpi, transforming
as
P cen(θ, q) = +cen(θ, q), Tpicen(θ, q) = (−1)ncen(θ, q) (7.42)
P sen(θ, q) = −sen(θ, q), Tpisen(θ, q) = (−1)nsen(θ, q) (7.43)
The energy eigenvalues of the Hamiltonian as a function of g2 for low lying states are shown
in Fig. 13. For any finite g2, the eigenvalues obey
a0 < b1 < a1 < b2 < a2 < . . . (7.44)
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The large-g2 limit (which is not interesting for our purpose here )19 corresponds to a particle
with a small moment of inertia I = 1/g2 → 0. The Hamiltonian reduces to H = P 2θ2I and
H e±inθ =
P 2θ
2I
e±inθ =
g2
2
n2 einθ (7.45)
The relation between the angular momentum eigenstates | ±n〉 and Mathieu functions in the
infinite coupling limit is given by
|an(q = 0)〉 ± i|bn(q = 0)〉 = | ± n〉, n = 1, 2, . . . |a0(q = 0)〉 = |n = 0〉 . (7.46)
Since the energy is quantized in units of g2, the splitting between the rotational energy levels
become arbitrarily large. Note that in this regime,
g2 =∞ : a0 = 0, an = bn = n2, n = 1, 2, . . . (7.47)
However, this g2 →∞ limit is not relevant for the weak coupling regime of the CPN−1 models.
The small-S1 regime of the CPN−1 model is related with the Hamiltonian (7.38) within
the Born-Oppenheimer approximation, as discussed in Section 7.1. In the g2 → 0 limit (or
q →∞) limit, the pair of states
|an(q →∞)〉 ↔ |bn+1(q →∞)〉, n = 0, 1, 2, . . . (7.48)
or in configuration space cen(θ, q) and sen+1(θ, q) (not n, see the figure) become degenerate
to all orders in perturbation theory. At g2 = 0, their eigenenergy is E(bn+1) = E(an) ∼
(n + 12), the one of simple harmonic oscillator. The splitting E(bn+1) − E(an) is purely
non-perturbative and is given by (here h = ξ
2g2
= 2pi
N(2g2)
≡ piλ ):
∆En =
g2
2
(bn+1
(
h2
)− an(h2))
=
g2
2
(
24n+5
n!
(
2
pi
) 1
2
hn+
3
2 e−4h
(
1− 6n
2 + 14n+ 7
32h
+O
(
1
h2
)))
. (7.49)
The mass gap mg of deformed-CP1 in the small-S1L regime is given by
mg = ∆En=0 =
8pi
g
(
1− 7g
2
16pi
+O(g4)
)
e
− 2pi
g2 ∼ e−SI/2 for CP1 (7.50)
whereas for the CPN−1 , by generalizing the deformed-CP1discussion, it is given by
mg = ∆En=0 =
C
λ
(
1− 7λ
32pi
+O(λ2)
)
e−
4pi
λ ∼ e−SI/N for CPN−1 (7.51)
Both (7.50) and (7.51) are remarkable non-perturbative consequences of the formalism, and
they deserve multiple comments:
19This limit is sensible in purely quantum mechanical system defined by the Hamiltonian (7.38). In our case,
g2 is fixed by the asymptotic freedom of the UV theory, and the value of g2 in the long distance Hamiltonian
is g2(1/L) for the CP1 theory. We can take the formal large-g2 limit, but this has nothing to do with the
continuum CPN−1 model. It is, in a sense, the counter-part of the lattice strong coupling expansion.
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• The mass gap is zero to all orders in perturbation theory.
• The mass gap in the weak coupling regime is a purely non-perturbative factor propor-
tional to e−SI/N . This is the first derivation of the all-important non-perturbative factor
e−SI/N from microscopic considerations. The mass gap at small-L may be considered
as the germ of the mass gap for the theory on R2.
• A physicist who is looking for the microscopic origin of the mass gap would be quite
happy with this result, whereas a mathematician may feel disappointed. There is a series
multiplying the kink-instanton, P[1,1])(λ) and it is a divergent asymptotic Gevrey-one
series. So, is there a well-defined meaning to the mass gap that we obtained? Since
P[1,1])(λ) is not even Borel summable, what does the germ of the mass gap that we
obtained really mean?
• The rather deep and provocative answer to the problem in the previous question is that
the resurgence theory cures all the ambiguities, canceling the ambiguities in the [1, 1]
cell with the ambiguities in the [3, 1] sector, as we have explicitly shown for the vacuum
energy. These are encoded into our confluence equations, (7.26) and (7.29).
• We claim the result is physical and meaningful
mg = ∆Em=0 =
C
λ
ReB[1,1]e−
4pi
λ ∼ e−SI/N (7.52)
up to ambiguities of order O(e−4SI/N ), where ReB[1,1] is the ambiguity-free real part of
the (left or right) Borel sum. Although we have not shown this fully (only a partial
construction is given here), we anticipate that the mass gap, as well as other non-
perturbative observables, in this theory are resurgent functions in the sense of E´calle,
and resurgence theory takes care of all the ambiguities. We believe this statement can
be proven along the lines of [34, 35].
• The Born-Oppenheimer approximation in the weak coupling limit is justified because
of the hierarchy of the energy scales,
∆Em=0  E(a1)− E(b1) ∼ ∆Eφ (7.53)
where ∆Eφ is the φ-sector discussed around (7.1).
• Another remarkable result is that the mass gap obtained in the semi-classical regime
coincides with the result (1.3) obtained by large-N consideration, although the nature
of the two semi-classical limits is completely different, weak in g2 in terms of original
degrees of freedom vs. weak in the coupling of the confined states where interactions
are 1/N . This item deserves more consideration, perhaps by incorporating the volume
independence property (3.4).
The resurgent analysis of (7.38) from the Hamiltonian perspective, along with some newly
developed mathematical methods, will be discussed in detail in [88].
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8 Conclusion: Towards a non-perturbative continuum definition of QFT
This work provides some steps towards the construction of a non-perturbative continuum
definition of QFT, in particular, the two-dimensional CPN−1 model. Our goal with such
a construction, apart from providing a rigorous foundation to QFT, is to have a continuum
formulation of practical value. We feel obliged to emphasize that this is not a formal problem.
In our view, the lack of such a formulation is the root-cause underlying our rather insufficient
understanding of these theories. In this work, we hope that we have made progress in this
direction. There are two key elements, one from mathematics and one from physics:
• E´calle’s theory of resurgent functions
• Continuity: the absence of phase transitions or rapid-crossovers upon spatial compact-
ification of QFTs.
There are at present rigorous results using resurgent functions in quantum mechanics [34,
35]. These authors, using E´calle’s theory, prove that the semi-classical trans-series expansion
for some of these theories is resummable to finite, exact and unambiguous results.
Continuity and spatial compactification provide the new physical inputs necessary to ex-
tend these QM rsults to non-trivial QFTs such as CPN−1 or QCD.20 These are used in a new
way to reduce a non-trivial QFT, in its low energy limit, to quantum mechanical systems
that can be studied through resurgence. Although we did this for the 2d CPN−1 model, it can
be done for even more interesting theories, primarily QCD(adj) and (deformed) Yang-Mills
theory. A quantum mechanical version of these theories exists, in which rigorous results can
be proven along the lines of [34, 35]. It is apparent that there is ample opportunity here to
improve significantly our understanding of QFT. In the next subsection we list some of the
problems in which we feel progress can be made:
To summarize, the main results of this paper are:
• We introduced a new parametrization of the CPN−1 manifold (2.22) which makes the
analysis of the QFT simpler. This parametrization immediately yields a new order
parameter, that we referred to as the σ-connection holonomy (2.34), a matrix valued
operator which is the counter-part of the Wilson line in non-abelian SU(N) gauge
theory, and which carries more information than the regular U(1) Wilson line in the
CPN−1 theory.
20There is an old idea of Bjorken: the femto-universe both in QCD and other theories. To move from
the femto-universe to the large-scale-universe, there is either a phase transition or a rapid crossover. Our
construction and idea of continuity relates the quantum mechanics in the small-circle (or torus limit) in
an “as smooth as possible” manner passage to the large-volume QFT, and preserves a substantial amount of
information about the QFT. This paper presents evidence for the existence of this type of passage, and another
example was given in [17].
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• The classical background of the σ-connection holonomy (2.34) is equivalent to the
twisted boundary conditions for the CPN−1 fields. The quantum mechanical stability
(instability) of the ZN -symmetric background follows from spatial (thermal) compacti-
fication. The former (but not the latter) admits a semi-classical weak coupling study of
the confined phase for all Nf ≥ 1, different from all earlier studies of the CPN−1 theories.
In the Nf = 0 bosonic theory, we use a deformation to stabilize the ZN -symmetric back-
ground. This can also be achieved by integrating out heavy fermions.
• In the weak coupling regime (LNΛ . 1), we have shown that the leading finite action
topological configurations are not 2d instantons, rather kinks with action SI/N .
• In the same regime, we have shown that the non-perturbative ambiguities in pertur-
bation theory are cancelled against the ambiguities in neutral bions, or bion-anti-bion
configurations with action 2SI/N , 4SI/N, . . .. This is the content of our confluence
equations (7.25) in QFT. This shows that the Bogomolny-Zinn-Justin mechanism of can-
cellation of ambiguities of perturbation theory against ambiguities in non-perturbative
semiclassical configurations in quantum mechanics can be successfully applied to an
asymptotically free QFT such as the CPN−1 model.
• The standard renormalon analysis on R2 suggests singularities in the Borel plane located
at tn =
2SI
β0
n, n = 2, 3, . . . [38]. There is no known (semi-classical) configuration that
these ambiguities of perturbation theory may cancel against. The 2d instanton-anti-
instanton cancels a much suppressed and unimportant ambiguity of the perturbation
theory located at tII = n(2SI), n = 1, 2, . . . in the Borel plane. Our findings imply that
the neutral neutral bions etc. are the semi-classical realization of IR renormalons.
• The mass gap in the weak coupling regime of the bosonic theory is purely non-perturbative,
proportional to e−SI/N = e−4pi/λ. This is the first derivation of the mass gap from mi-
croscopic considerations, and is sourced by the proliferation of kink-instanton events.
This result, valid for arbitrary N , also matches with the large-N result. We conjecture
that the mass gap is a resurgent function, at least in the small-S1 regime.
• The 2d-instantons, in the large-N limit, scale as e−4pi/g2 ∼ e−N . In the semi-classical do-
main of the theory, the kink-instantons scale as e−4pi/(g2N) ∼ e−1 and are unsuppressed
in the large-N limit. If indeed, our claim that the renormalons and our semi-classical
neutral molecules being continuously connected is correct (we provided evidence that it
is so), then the continuation of kinks (or charged bions) to the strong coupling domain
are the resolution of the large-N vs. instanton puzzles. At least in the weak coupling
domain, they are indeed the resolution of the puzzles noted in [48].
• For QFT (and QM) with degenerate vacua, and an associated topological charge and Θ-
parameter, we have introduced the notion of a “graded resurgence triangle” to explain
how such cancellations can be categorized according to the Θ-dependence, based on the
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simple observation that perturbation theory is insensitive to the Θ-parameter. Thus,
non-Borel summability of the large orders of perturbation theory can never be cured by
configurations with non-vanishing topological charge, but only by certain neutral bion
molecules. In the full resurgent framework, such cancellations should proceed to all
non-perturbative orders, suggesting that this approach could provide a fully consistent
non-perturbative definition of QFT in the continuum.
In the small-S1 regime, at length scales larger than ξ−1 = LN2pi , the 2d instanton should
be viewed as a composite, and kink-instantons are elementary. This, combined with large-N ,
matching of the mass gap between small-λ semi-classics and large-N (1/N expansion), and
the semi-classical description of IR renormalons suggests that the 2d-instanton on R2 should
be viewed as an object with sub-structure. We claim that the “fractionalization scale” of a
2d instanton is
L∗ = min(LN,Λ−1) (8.1)
This seems to be the only reasonable possibility in order to merge the semi-classical domain
LNΛ/(2pi) . with the volume independence domain LNΛ/(2pi) 1. When LN < Λ−1, this
is in fact true as we have shown already. If LN  Λ−1, then, the theory is the same as
the theory on R2 as per volume independence, for which the only relevant length scale is the
strong scale Λ−1. Therefore, the scale (8.1) seems to be the most reasonable guess for the
fractionalization scale.
8.1 Prospects and open problems
1: Borel-E´calle summability at higher orders or proof of all-orders confluence
equations: We showed the leading cancellation of ambiguities in the bosonic theory. The
demonstration of the whole set of confluence equations would be a major step, plausibly
equivalent to the demonstration of the existence of QFT in continuum.
2: Which QFTs are Borel resummable? The general classification of which QFTs
are Borel summable, and which are not, is a meaningful and important question that can
partially be addressed using continuity, weak-coupling methods, and the graded resurgence
triangle. For example, all extended supersymmetric theories seem to be Borel summable
according to our criteria here and [17].
3: O(N) models: The techniques of this work easily generalize to the O(N) model. It
is often asserted, based on homotopy considerations, that there are no stable instantons for
N ≥ 4. However, our preliminary investigation shows that with judiciously chosen boundary
conditions, there are kink configurations and bion configurations. The classification of these
seems to be identical to SO(N) gauge theory on R3 × S1 [17].
4: Grassmannian models: The techniques of this work are also suitable for Grass-
mannian models, with or without fermions. The CPN−1 model is a rank-one Grassmannian
model and is intimately connected to SU(N) gauge theory on R4. It would be interesting to
find the theory associated with higher rank Grassmannians.
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5: Rigorous study of the 4d gauge theory-2d sigma model connection: The
relation between 4d gauge theory and 2d CPN−1 can be made non-perturbatively rigorous
by compactifying the former on asymmetric T 2 × S1L × R, and the latter on S1L × R. It is
transparent from our analysis and the one of the [17] that the Lie algebraic classification of
the topological configurations is actually identical.
6: Three-dimensional models: The fractionalization of instantons has been studied
in three-dimensional CPN−1 models [87] from a very different perspective, and it would be
interesting to see if any of our ideas could be usefully applied therein.
7: Θ angle dependence: There are conjectures for the behavior of the CP1 model at
Θ = pi. These conjectures may be tested in our framework. The Θ dependence of general
CPN−1 theory can also be studied.
8: Singularities in the Borel plane vs. phase transitions: Depending on whether
the background on small S1 regime is center-asymmetric (degenerate eigenvalue for the holon-
omy matrix LΩ) vs. ZN center-symmetric (maximally non-degenerate eigenvalue distribution)
the Borel plane structure of singularities is drastically different. The singularity structure for
the latter is almost identical to the theory on R2, perhaps only a small deformation thereof.
The singularity structure for the former can be deduced from the combination of our work
and Kontsevich’s work on resurgence in quantum mechanics [44], see footnote 11. It is evident
that the drastic changes in the singularity structure in the Borel plane is associated either
with a sharp phase transition or a rapid crossover.
9: Index theorem: The index theorem (4.49) for the Fredholm-type Dirac operator on
R×S1L is stated without derivation. It can be derived along the same lines as in the joint work
with E. Poppitz [83] or [82]. For the O(N) and Grassmannians sigma models there exists a
corresponding index theorem.
10: Chiral symmetry and sectors in quantum mechanics: The low energy limit
of multi-flavor CPN−1 is described by quantum mechanics systems with Nf types of fermions.
This amounts to considering, in the quantum mechanical context, particles with spin (where
the spin is determined by Nf ) instead of spin-zero particles. There are crucial changes in the
observables due to fermion zero modes. In particular, the number of sectors of associated
quantum mechanics will be related to the number of discrete chiral symmetry breaking vacua
in the field theory on R2. This deserves a detailed study of its own.
11: Duality in quantum mechanics versus mirror symmetry: For the N = (2, 2)
theory, the dual theory obtained in quantum mechanics is equivalent to the well-known mirror
symmetry dual in the stringy framework of the very same theory. This also deserves further
deliberations.
12: Relation with the ZN twisted mass deformed CPN−1 model: A calculable
deformation of the CPN−1 model on R2 is the twisted mass deformed CPN−1 model: see for
example, [70–75]. We believe that this model can be studied at arbitrary size S1L by the
methods of this work. It would also be useful to understand more precisely the relation
between the topological configurations on R2 and in its compactified version.
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